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Abstract. In this paper, a stabilized space-time finite element method for solving linear parabolic evolution
problems is analyzed. The proposed method is developed on a base of a space-time variational setting,
that helps on the simultaneous and unified discretization in space and time by finite element techniques.
Stabilization terms are constructed by means of classical bubble spaces. Stability of the discrete problem
with respect to a associated mesh dependent norm is proved, and a priori discretization error estimates are
presented. Numerical examples confirm the theoretical estimates.
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1 Introduction

Parabolic evolution equations are used to describe numerous physical phenomena, as for example
heat transfer. The traditional methods for parabolic problems apply usually a separated method
for the time discretization, e.g., implicit Runge-Kutta methods. Last decades, efficient disconton-
uous Galerkin finite element methods (DGFEM) have been presented for the time discretization
of parabolic problems, see, e.g., an analysis for Galerkin time-stepping methods in [15], [12], [1],
we also refer to the monograph [29]. Adaptive algorithms based on a posteriori error estimates
have also been presented and successfully tested for linear and nonlinear problems, see e.g., [13],
[14] and the references therein. In [27] and [10], space-time adaptive wavelet methods for parabolic
evolution problems have been studied. Also in the literature, p and hp finite element methods for
parabolic problems have been presented, see [5], [6].

Another approach that has been followed is the derivation of space-time finite element methods
based on appropriate space-time variational setting. The basic idea is to consider the time variable
t as just another variable, lets say x4,1, if we consider that = = (z1,...,24) are the spatial
variables. In that way, the time derivative, which appears in the parabolic PDE model, plays the
role of a convection term in the time direction z,y;. Multiplying the given parabolic problem
by a space-time test function and applying integration by parts we can derive the weak space-
time formulation. The derived weak formulation helps on the unified space-time discretization
by finite element techniques, this means that we discretize the problem in space and in time by
using a common finite element space. In this spirit in |21], space-time finite element methods
have been developed for elastodynamics. In particular, the method uses discontinuous Galerkin
techniques for the time discretization and incorporates Petrov-Galerkin techniques, see [22], to
ensure stability. Stream line diffusion techniques that are presented in [22], have been also used
for developing space-time finite element methods for conservation laws and fluid flow problems,
see e.g., [20], [19] and the references there. In |2, 3|, the stability of Petrov-Galerkin discretizations
of parabolic problems have been studied and stable space-time trial and test functions have been
proposed. In [28] conforming space-time finite element approximations to parabolic problems
have been investigated. In [24], upwind-stabilized single-patch space-time Isogeometric analysis
(IgA) schemes for parabolic evolution problems are proposed. In [25], the authors based on [24],
analysed a time discontinuous Galerkin multipatch (IgA) scheme and demonstrated the efficiency
of a space-time solver implemented on a parallel environment.
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In this paper, we focus on the model problem O,u — kAu = f, with appropriate initial and
boundary conditions, and the diffusivity parameter k is taken to be positive and constant. We
propose a new space-time finite element method, which is stabilized by introducing classical bubble
spaces, see [9], [7], [26]. The bubble basis functions vanish on the edges of the mesh elements and
in addition do not affect the continuity properties of the solution. By enriching in that way
the underlying finite element space, the numerical solution consists of two components, where
the first lives in the underlying finite element space, and the second lives in the bubble space.
For developing our analysis, we are motivated and inspired by the subgrid scale stabilization
techniques presented in [17], [18], for solving linear first order problems. There, the idea is to
couple, the initial finite element space with subgrid scale spaces and to construct artificial diffusion
terms in these new spaces. The artificial diffusion terms are added in the numerical scheme in
order to ensure stability. The innovation in our approach is that, instead of using subgrid spaces on
different meshes, we use bubble spaces and the artificial diffusion terms are formed in these spaces.
In addition here, in the bubble diffusion terms, we include a positive parameter 0, that can control
the strength of the artificial diffusivity in the scheme. We prove stability of the discrete problem
with respect to the produced norm, which is a mesh depended norm. Also, optimal error estimates
for the full numerical solution containing the bubble component are shown. These error estimates
are not affected by the choice of #. Furthermore, we point out that during the discretization error
analysis, we give analytically the dependence of the several appearing constants with respect to
the diffusivity parameter k. At the end, this helps us to have a more complete idea, about the
convergence properties of the numerical solution, when the mesh size h is close to the value of k.
In Section 5, we perform tests where h and k are very close.

The paper is structured as follows. In Section 2, the model parabolic problem is presented. In
Section 3, we formulate the stabilized space-time finite element scheme. In Section 4, we present
the error analysis and derive the error estimates. We discuss numerical examples in Section 5.
The paper closes with the conclusions.

2 The model problem

2.1 Preliminaries

Let 2 be a bounded Lipschitz domain in R, d > 1. Let a = (o, ..., ay) be a multi-index of
non-negative integers au, . .., oy with degree |a| = Z?Zl a;. For any o, we define the differential
operator Dy = Dyt ... D3¢, with D,, = 0/0x;, j = 1,...,d. As usual, L*(£2) denotes the Sobolev

g’

space for which [, [¢(x)]*dz < oo, endowed with the norm ||¢| 120 = (fQ \¢($)|2dx)§, and

L*(2) denotes the functions that are essentially bounded. Let ¢ be a non-negative integer, define
HY(2) = {¢ € L*(2) : DX¢ € L*(12), for all|a| < 1},

the standard Sobolev spaces endowed with the following norms [|¢|| y¢() = ( Zogmgz | Dg‘qﬁH%Q(Q))
and by H2(912) we denote the trace space of H'(2). Also we define the subspace Hi(£2) of H'(£2)

Hy(02)={p€ H' (2): ¢ =00n00}.

Let I = [0,7] with 7" > 0 be the time interval. For later use, we define the space-time cylinder
Q = 2 x (0,T) and its boundary parts X' = 902 x (0,T), Xr = 2 x {T} and Xy = 2 x {0}, see
an illustration Fig. 1(a). We denote the gradient by Vu = (V,u, dyu), where V,u is the gradient
with respect to the spatial variables. Similarly we denote by n = (n,,n;) the normal component
on 0Q), with n, the components related to space direction and n; the component related to time
direction. Let £, m be positive integers, for functions defined in (), we define the Sobolev spaces

H"(Q) ={¢ € L*(Q) : D¥¢ € L*(Q)with0 < |a| < ¢, anddi¢ € L*(Q), i = 1,....,m} (2.1a)

[
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and the subspaces

Hy*(Q) ={¢ € L*(Q) : V.o € [LX(Q)]Y, ¢ = 0on X'}, (2.1b)
Hy5(Q) ={¢ € L*(Q) : V.0 € [L*(Q)]Y, dip € L*(@Q), 6 = 0on X, ¢ =0on Xp}.  (2.1c)

For a function ¢ € H e’m(Q) with £,m > 1, we define the norms and the seminorms

19l rrem (@) =( Z I1D%6|72() + Z 10; 011 72()) 2 (2.2a)
| <t i=0
1
|8l e (@) =( Z “DQ¢H%Q(Q) + HaanSH%Q(Q))z' (2.2b)
|o|=¢
We recall Holder’s and Young’s inequalities
€12 1 2
[wis| < luli@lblie wd | [ win) < Sluliag + g lbliag,  (23)

that hold for all u € L*(Q) and v € L*(Q) and for any fixed € € (0, 00).

We will use the following Poincare’s inequality: Let £2 € RY, d = 1,2, ... be a bounded rect-
angular domain and let I" C 92 with |I'| > 0. For simplicity we assume that I lies on the plane
with 21 = 0. Let v € C*°(£2) and v(xr) = 0 for all 2y € I'. For any interior point x = (z1, ..., Z4),
we have

Tl 8
v(x1, ..y q) —v(xp)+/ —U(T,xg,...,xd) dr. (2.4)
Tr &xl

The first inequality in (2.3) yields

"9 2 "9
(U(xh...,gvd))Z—(/ 187;(7,@,...,%)(17) gog/ | () dr,(25)

ri

where the constant C, depends on the length of 2. Integrating (2.5) over all {2, we can obtain

/Q’UQ(I) drx < C?Z/Q(amlv)Q dx. (2.6)

In what follows, positive constants ¢ and C' appearing in inequalities are generic constants
which do not depend on the mesh-size h. In many cases, we will indicate on what may the
constants depend for an easier understanding of the proofs. Frequently, we will write a ~ b
meaning that ca < b < Ca.

2.2 The model parabolic problem

In the space-time cylinder Q = 2 x [0, T], we consider the initial boundary value problem

u —rkAu =fin Q) and (2.7)
u=0on X, u(-,0)=wupon Xy,

as model problem, where the diffusivity parameter 0 < x <1 is taken to be constant, f: @ — R,
with f € L*(Q), and ug : 2 — R, with ug € L?*(£2) are given functions, and u : Q — R is the
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unknown. The space-time weak formulation related to (2.7) has as follows: find u € H,"(Q) such
that

a(u,v) =l(v), for allv € Hég(Q) (2.8)
with
a(u,v) = — / u(z,t) Opv(x, t) de dt + /i/ Vou(z,t) - Vyu(z, t)dedt, (2.9)
Q Q

I(v) :/ flz, t)v(z,t) dx dt +/ uo(z)v(zx,0) de. (2.10)
Q Q
For simplicity, we only consider homogeneous Dirichlet boundary conditions on X' and uy = 0.
However, the analysis presented in our paper can easily be generalized to other constellations of
boundary conditions. The variational problem (2.11) is known to have a unique weak solution,
see [23| and in [30] for a more comprehensive analysis for existence and uniqueness results.

Assumption 2.1 We assume that the solution u of (2.11) belongs to Voo = H&y’gl(Q) N H"(Q)
with some ¢ > 2 and m > 1.

Under Assumption 2.1, by applying integration by parts, we can show that the weak solution
satisfies the form

a(u,v) =l(v), for allv € Hg”é(Q), with (2.11a)
a(u,v) —/ Owu(z, t)v(z,t) dx dt—l—/{/ Vou(z,t) - Vyo(x,t)dedt, (2.11b)
Q Q
[(v) —/ f(z, t)v(z, t) dx dt. (2.11¢)
Q

3 The discrete problem

3.1 The stabilized scheme

Let T5,(Q) be a partition of space-time domain ) into triangular (or quadrilateral elements), that
is Q = Uger, E, see Fig 1(a). We denote by hp the diameter of £ € Tj,(Q) and the mesh size
is defined as h = maxg{hgr}. We assume that T} (Q) is quasi-uniform, i.e., there exist a positive
constant Cy,, such that hg < h < Cynhg for all E € T,(Q).

Associated with T} (Q), we define the finite element subspace Vj,y of Hé:é(@), consisting of con-
tinuous functions in space and in time, by B

Vio = {vn € Hyjy(Q) : va|p € PP=H(E), for every E € T,(Q)}, (3.1)

where PP=!(E) is the polynomial space of total degree p = 1, see e.g., [8, 11, 16].
The usual finite element approximation of (2.11) is to find u; € Vo such that

a(uh7vh) - (fv Uh)? vUh € Vh0~ (32)

It is known, that when k is small, the coercivity properties of (2.11) can not ensure that the usual
finite element scheme given in (3.2) performs well. Thus, we introduce the a larger finite subspace
Vi of HéQI(Q) that can be written as a direct sum as follows

Vi = {vn € Hyy(Q) : va|p € PY(E) & Vi(E), for every E € T;,(Q)}, (3.3)

with Vg(FE) := Vpg|g, where Vg denotes the space of bubble functions, that vanishing entirely on
the boundary of the mesh elements and having exactly one degree of freedom in each E € Tj(Q).
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For example, for triangular elements is spanned by a cubic functions Vg := {vb € Hy(Q) : vb\ E=

CpAid2As}, where \;, i = 1,2,3 are linear polynomials vanishing on one side of OF and taking

the value one at the opposite vertex. The constant Cg is chosen such that max v’(x) = 1. Every
e

bubble basis function ¢ € Vi (FE) satisfies, (i) ¢(z) > 0 for z € E and (ii) ¢(z) = 0 for x € OF,
(iii) [, ¢*(x) dx = Cgh, with Cg depending on the uniformity of T}, but is interdependent of hg.

An illustration of bubble functions on two-dimensional elements is presented in Fig. 1(b) and (c).

Based on V},;, defined in (3.3), any v, € V},;, can be decomposed into two parts, i.e., vy, = vy + vz

with v}lL € Vi and vfl € Vp. In view of these, we introduce the discrete problem: find u;, € Vj,,
such that

a(uh,vh)—l—bh(u;’l,vz) = (f, Uh), Yy, € Vh,ba (34&)

where

a(w,v) :/ Jwv dx dt + /i/ V,w - Vo dzdt, (3.4b)
Q Q
by (w?, Ub) =9h/ dw’ o’ dx dt,
Q

with @ > 0 a positive constant, which will be determined later. We recall the following inverse
estimate and the scaled trace inequality, where the proofs can be found in [8].

Lemma 3.1. There exist constants Ciny, Cirac > 0 independent of h such that
||Vvh||L2(Q) SCZ',W h_l ||vh||L2(Q), Vp € thb, (35)
;1
vl z209) <ctrac h? ([V]lL2@) + R IIVVlL2()), v € HY(Q). (3.6)

r

o]
R R
=
S B S

(a)

Fig. 1: (a) The space-time domain @ with the boundary parts and its mesh T3 (Q). (b) The bubble function on the reference
triangular mesh element. (¢) The bubble function on the reference rectangular element.

For convenience, we introduce the discrete bilinear form
an(un, vn) = a(up, vy) + bh(UZ, UZ)v (3.7)

and the mesh dependent norm

1 3
[onlln = (K VavnllZ2(g) + ORlOwL 1 72(0) + 5|!Uh\|L2<zT>) (3.8)
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Lemma 3.2. The discrete form ap(-,-) : Vip X Vip — R defined in (3.7), is Vi, p-coercive with
respect the norm || - ||, i.e.,

ah(vh,vh) > Cs H’UhH%L, V’Uh & Vh,b~ (39)

Proof. Let vy, € Vj,. Since vy (2,0) = 0 and ny|s = 0, it follows by Green’s formula

/ Oyvp, Uy, + vy, Opu, dx dt = / ntvi ds, that
Q

oQ
/a dw dt 1/8 2 dx dt 1/ 2d 1/ 2d 1|y I (3.10)
U Up AT At = — v, dxat = — Vv, a8 — = UV, S = = ||Un||12(5,.)- .
o 2 Jo 2 s, 2 /s, 2 (&r)

The definition of aj, and (3.10) imply

1
ap(vp, vp) = / 5&1}2 + Oh(002)? + K|V up|? do dt
Q
1
= §th||i2(zT) + HHVthH%’z(Q) + ehHatUZH%?(Q)? (3.11)

which is (3.9) with Cs = 1 and this completes the proof. [ |

Proposition 3.1. Let uy, be a solution given by (3.4). Then there is a C,, > 0 such that the
solution uy, satisfies the following a priori estimate

unlln < Cx [l fllz2(@)- (3.12)

Proof. Using uj, € Vj,;, as a test function in (3.4), and utilizing (2.3) together with Poincare
inequality (2.6), we successively obtain

1 1 1 1
ah(uh,uh) < sy / I'i?fuh dl‘dt‘ < THf”L?(Q)HK“Q VmuhHLz(Q) <
K2 Q K?2
1 1 1
Sl (5IVa By + 5 Nl + ORIOE I3ag)) ., (3:13)
. ) 1
where, we have previously used that x < 1. Setting C\,, = — we get (3.12). |
K

A direct result of (3.12) and (3.9) is the following corollary.

Corollary 3.1. The discrete problem defined in (3.4) is well posed, i.e., it has a unique solution
which satisfies the stability estimate (3.9).

Next, we show the boundedness of a(-,-) on Vyo x Vj, 5. We define the norms

1 3
V][5 :(HHV:WH%%Q) + thatUH%?(Q) + 5”””%2(&)) . (3.14a)
1

1 _ 2
[ollny =(k1VavllZ2iq) + 0RllOwL2iq) + 51017250 + (6h) 1)\\””%2@)) : (3.14b)
Lemma 3.3. There is a constant Cy(k,0,h) > 0 such that

|a(u, vn)| < Co(k, 0, h) |[ullnyllonlln, V(u,vn) € (Vog X Vi) (3.15)
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Proof. Let v, = v}, + vz € Vip. We treat every term of the form af(-,-) separately. We apply
integration by parts and (2.3) to infer

/@uv,ll da:dt:—/uatvhdxdt+/ u vy, do
Q Q Xr

<((0n) M lullZz(g)* (OW0wlZ2q))* + lullz2cop Wil 2o
5

3.5) _ c10h 1 1 11 1
< ((9h) 1”“”%2@)) (m“”vhuia@)Q +2(§HUH%2(2T))2 (§thH%2(2T))2
2.6) s

< ((0h) 7 ullZ2q))

1 1
+ 2|ull 25y (ﬁHvahlliz<Q> + 0h]|0wp 172 00) + §HUh||2L2(2T)) :

(

SIS

( (3.16)

=
ol

~1\3 1
(ng(ﬁh) 1) 2 (liHvxvhHiz(Q) + th(?t’UzH%Q(Q) + §HU}LH%2(ET))

<(c20(kh) ") 2 |[ullny [[onlln + 2l|wllny lonlln < es(0(kh) ™+ 1) 2 ullny [lvnlln,

where ¢3 depends on the constants appearing in (3.5) and (2.6). Similarly for the second term,
applying (2.3), we get

1 1 1 1
/ /<;2va c K2 vah dx dt S (I‘i||vmu||iz(Q)) 2 (ﬁ||vahH%2(Q))2 S ||u||h,V ||Uh||h' (317)
Q

Combining all the bounds above and setting Cy(x, 0, h) = 2¢3(0(kh) ™" + 1)%, we can derive the
desired result. [}

4 Error analysis

Lemma 4.1 (weak consistency). Let uy the solution given by (3.4) and u the continuous
solution given by (2.11), and furthermore let z, € Vi, and U,ll € Vio. Then

ap(up, zn) =a(u, z,), and (4.1a)

an(vy,, zn) =a(vy,, 21). (4.1b)
Proof. For the first relation, we recall the problems (2.11) and (3.4) and directly have
an(un, zn) = (f, 2n) = a(u, zp). (4.2)

For the second relation, we observe that by, (v;, z;,) = 0 for any v}, € Vi, and the assertion directly
follows. [ |

Proposition 4.1. Let u solve (2.11) and uy, solve (3.4) and z, € Vio. Under Assumption 2.1,
there exist a c, independent of h such that

c
(Il — Uh||%2(2T) + K[| Vou — V:ruhH%z(Q) + QhHatqu%%Q)) < E(HVU - szle%2(Q) + Jlu — Z}ll|‘%2(2T))'
(4.3)
Proof. Let an arbitrary z; € Vjo. By (4.1) and by subtracting similar terms, we have that
/(@W - atzill)éf)h + H/ Vi (up — Z}lb) “Vaon + Qh/ atu’é é’tcbi
Q Q Q (4.4)

- / (O — 0,2 + / Vo(u—21) - Vadn Von € Vi
Q Q
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Setting above ¢, = uj;, + uz — z; and applying integration by parts on the first term on the left
side, we have

/ |Opup, — (9tzh|2da+/i/|v z}t)|2dxdt+0h/ 0ub |* da dt
Q

/ O — 021 ) / fun — %) + ( / AV — 2)2) /Q K1V — 2))

N

(4.5)

and by applying (2.3) and (2.4) on the right hand side, yields
[[un — lezHQL?(ET) + K[| Vo, — vzl?z}le%Q(Q) + Hh”atUZH%?(Q) < - atZéHQH(Q)jL (46)
4.6

K
CEHHVIU}I — sz;lLH%z(Q) + g||VIu — VIZ}ILH%Q(Q) + CGI{vauh — sz;IIH%;(Q)
Gathering the same terms and setting 0 < ¢, < %, we get

< 1 (4.7)

KR
[Opu — atzlle%Z(Q) + ;”qu - VIZ}LHQLQ(Q) + flu — ZflLH%fZ(zT)-

€

Using 0 < k < 1, applying triangle inequality and setting ¢ = ( 1 ) %’ the assertion follows. W
1-2c¢c ) =€

Below, we give the main error bound for the finite element solution u; € V.

Theorem 4.1. Let u solve (2.11) and u, = vy — ub solve (3.4). Under Assumption 2.1, there
exist a ¢y, depending on Ci,,, such that

1

|lu —up||ps < coy <1 + (0h~*(k, 0, h) + 1)7(k, 6, h)) N = zpllny,  for zh € Vi, (4.8)

1
with 7(k, 0, h) = ((0;)% + T) and F(k,0,h) = [1+ (0h)% v(x, 0, h) + 0h~*(k, 0, h)].

Proof. Let z} € Vi and oj, = (uj, +ub) — z}. Using triangle inequality, we decompose the error as

1 1
sl = unlli = OM) 10 = dunllZz ) + Kl Vi = VaunllZag) + S llu = wnllZzcoy,

T
1 T

Ve

1 ~
< (OW)10 = 0zl T2y + ElIVau = Vazillzag) + 5 llw = 2hlliacon) + (BW)10s, — 0eill72(q)

T3
# 1
+ (OM)19uy, = 0+ 02|72y + £l Vatn = Vazi T2 + 5 lun = 272y (4.9)
<[lu = zll5v + T2 + lowlli,
where we previously used that Ty := [lu—z[[7, < |lu—2z; |7 and Ts = [|oy 7. We will proceed by

giving bounds for every term appearing in (4.9). For doing this, we first show few auxiliary results.
Let v, € Vi, and o}, = uy, — 2}, then using (3.5), (3.7) and (4.1) and the fact that 0 < h, 0,k < 1,
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we can obtain that

fQ 5t((u;1Z + ul;’L) — Z,ll — ul;L) vy, dx dt

||8tu}1L — 5't2;11HL2(Q) = HatUiILHLQ(Q) < sup
UhEVh,b th||L2(Q)

— [fQ Ol vy, + KV oy, - Vyop + 0houb ot dx dt}

< sup
v €Vh b thHL2(Q)
[fQ Op(u — Oyzi) v + KV (u — 21) - Vo, —I—]
+ sup
v EVh b ||'Uh”L2(Q
O h)> 03 (0
<(gi hil ol + O o) + 10— Dl
Vv
+ 17 (52| Va(u — 21) | 20 + 52 | Vaonll 2())  sup [Venllzz@) (4.10)
V€V b ||UhHL2(Q)
1 1
S(Q h)% (HhHatUh”L2 + K[|V, Uh||L2(Q) +5 ||UhHL2 ET))
C; /{% 1 1
+ (0 hOwupl i) + KlIVeonllZ20) + 5 Slonlizcn)?
1
Cinvk 2 Oh)z
(9~ ) + E%il ot~ 2l
N (R A YT
g u—z
>~ (Qh)% h hilh (Qh)% h hiIlh,V

<y(k,0,h)([lu— zpllny + llonlln)-

By using (4.10) and the relation
(0h)2 (|00, — Buzll2(q) + (OR)2[|Oih, — 00,24 |l 12y > (OR)2 [10u(us, + uf) — Dpzpllreggy,  (4.11)
and observing that (6 h)z v(k,0,h) > 1, it follows that
(01)2 (1910 2@y < 2(0)% (5,6, 2) ([l = 2y + o) (412)
Furthermore, working as in the proof of (3.15) and using (4.18) and (2.3), we can find

a(u— 2, 03) ——/(u—zi)(?tahdxdt—i—/
Q

Xr

(u—z,ll)ahda—i—/mév (u—2})- K2V 0, du dt
Q

<((0h) Ml = 24 32(0) * ((OR)10:0nlz0)® + = 22 ol 2y
+ (5IVa (= D)) (5IVaonlEeg)®
<2flu — 2pllnv (00)% 4(5,0, ) ([l — 2h |y + llowlln) + lu = zhllny lonln (4.13)
<2(0n)} 2 (5,0, 1) [u — 242y + ez 0172, 0, 1) [ — 2.y + ol
+ecllu =zl +ellonll
|1+ (Oh)2 (k. 0,h) + 01y (o, 6, )] llu = 24112 + 2 [jo
<4k, 0,h)llu— 215y + 2¢ onll;
where we used that 0 < € < % and c. > 1. Now, using the properties of a,(+,-) and a(-, -), we have

4.1
Cullonll? <an(on, on) = anlun, on) — an(zL, on) 2 alu, on) — a(zl, o) = a(u — 21, 00),  (4.14)
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and by (4.13) and by replacing C; = 1, we obtain that
lonlli, < (1= 2e) e (s, 0, )llu — 2,7y = Fe(r, 0, h)llu — 2415 v- (4.15)
Now, we can bound the terms in (4.9). Inequality (4.15) immediately implies
Ty = [lonlls < 72 (.0, W) llu = 215 v (4.16)
Combining (4.10) and (4.15), we have that
Ty :=0h | Opup, — Duzp |3y < 20072 (5,0, h) (%(Fv, 0, h)llu = 2y + T (s, 0, h)|lu — zilli,v)
=460hy*(k,0,h)7(k, 0, h)|lu — z[7 - (4.17)

Finally, gathering together the bounds (4.17) and (4.16), we obtain
Ju=wnll < = 2nl [+ 40092050, T, 0.0) + T, 0. 1)]. (418)

Setting ¢, = 16 (1 — 2¢)'c., we can derive estimate (4.8). [

Remark 4.1. Let us consider a fixed 7} ((Q)) and let us denote
w(k, 0, h) = (1 + (Qh v (k,0,h) + 1)?(/{,9, h))a, that is the factor appearing on the right hand

side in (4.8). Then (i) for § = 1 and & > h, it holds (.8, h) ~ h™2, (ii) for 6 = 1 and & ~ h, it
holds pu(k,0,h) ~ 1, (iii) for @ ~ h and k ~ h, it holds pu(k, 8, h) ~ 1.

Remark 4.2. In the proof of (4.8), we used (4.13). If instead of (4.13), we use (3.15), then we
produce a corresponding new factor u(k, @, h), which has a suboptimal behavior wrt h. Precisely,
the negative exponent of x in Cy(k, 6, h), i.e., see the factor #(xh)™', makes the corresponding

produced p(k, 8, h) factor to be (’)(h_%).
Below, we recall some approximation estimates of the finite element space. For the proof we refer
to [8].

Lemma 4.2. Let s, m be integers such that 0 < m < 1 < s and let the space Vi defined in
(3.1). Then for every v € V = H&QI(Q) N H*(Q), there exist a linear interpolation operator
v 2 Vo — Vi such that

‘1) - ﬂ-hUle(Q) S Cintp hmin(p+1,s)—m HUHHs(Q), (419)

where Cipy, = c(m, s,Q) and p = 1.

Lemma 4.3. Let the space Vio defined in (3.1). Let s > 2 be an integer, and let a function
veV = H&QI(Q) N H*(Q). There exist a linear interpolation operator mpv : V. — Vg such that

lo— Wh””%%zT) < B HUH%IS(Q)v (4.20a)
e Se PN (KRT 0+ 1) o] %15(@)7 , (4.20Db)
v —mllfy <cs B (kh™' +0+07" +1) [Jv] %IS(Q), (4.20¢)

[o = mnol

where r = 2 and ¢y, ¢z, cg depend on the constants appearing in (3.6) and in (4.19), but not on h
and v.
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Proof. Introducing the operator m,v of Lemma 4.2 and by applying (3.6) and (4.19), we have

= 00 s gy < 260 b7 (0 = mn0l32(g) + A2 IV (0 = o)y ) < e B2 ol

(4.21)
In the same way, we have

Kl V(v — m00) 122y Scintp £ 17 [[0ll32(q)
QhHat(v — ﬂ_hv)H%Q(Q) Scintp 9h2r—1HUH§{2(Q)7 (422)
(010 = 00 sy iy 002 0o

Collecting the estimates (4.21) and (4.22), we easily obtain
v —mpolly <cs(kh* 24+ 0R* 467 K + hQT*l)HUquQ(Q), (4.23)
which is (4.20c). The estimate given in (4.20b) follows similarly. [

Remark 4.3. The interpolation estimates presented in (4.20) have been derived for linear polyno-
mial spaces, see (3.1). Analogous estimates can be derived for higher polynomial spaces. In that
case we set r = min(p + 1, s).

Theorem 4.2 (error estimates). Let a fired T),(Q). Letu € V := H&’Ql(Q) NH*(Q), with s > 2
be the solution of (2.11) and let uy, be the solution of (3.4). The solution uy, satisfies the estimates

lw — uplln <er BV |ullms (g, for 0 =1, and Kk ~ h, (4.24a)
| — upl|ns <coh|lul| s @), for @~ h, and k > h, (4.24Db)
lu — uplns <cshllullmsq), for 0~ h, and k ~ h, (4.24¢)
and moreover for any 6 > 0,
1
(It = wnllZagssy + IVt = Voo + 0110 ) < S hllulligy  (425)

with ¢;, i = 1,2,3 depending on the constants in (4.8) and in (4.20) and cy on the constants in
(4.3) and (4.19).

Proof. The estimates (4.24) follow directly from Remark (4.1) and (4.20c). The estimate (4.25)
follows form (4.3) and (4.19). [

Remark 4.4. In realistic cases, the solutions of parabolic evolution problems may present an
anisotropic regularity behavior, for example different regularities properties with respect to time
and space direction. In such cases, it is more appropriate to discretize the problem using anisotropic
meshes, using small mesh size in the directions where the solution is less smooth and larger mesh
size in the directions where the solution is smoother, [4]. This is a topic that we will investigate
in a forthcoming paper.

5 Numerical examples

In this section, we present several several numerical examples for validate the theoretical estimates.
Although in the analysis, we used linear polynomial spaces, next we perform tests using both
linear, (p = 1), and second order, (p = 2), polynomial spaces, which are combined with the
associated cubic bubble space. For all tests, we use triangular or tetrahedral mesh elements.
Every example has been solved applying several mesh refinement steps with corresponding mesh
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size hy = %, s=1,2,...,5s=6. Every T} (Q) satisfies the properties mentioned in Section 3.
We present tables with the asymptotic behavior of the error convergence rates r. The numerical
convergence rates r have been computed by the ratio r = %, where the error e, :=
llu — wp||p« is computed on T} (Q). We mention that, in the test cases, we use highly smooth
solutions, i.e., min(p + 1,¢) = p+ 1, see (4.19). We study the behavior of the rates r for § = 1
and for @ ~ h. Furthermore, we investigate the behavior of » when the mesh size is close to the
number of x, and in particular, we performed tests setting x ~ hs. The results are displayed in
tables with headline columns x ~ hs. Lastly, we point out that since the support of a bubble
function is restricted to the interior of the element, we eliminate the the associated variable from
the produced linear system by static condensation.

Ezample 1: Q C R?, p = 1. In the first example, the problem is considered in @ = (0,1) x (0,2).
The exact solution is given by the formula

u(z,t) = sin(27x) sin(nt). (5.1)

The source function f is determined by (5.1). Note that u = 0 on X and uy = 0, see (2.7). In Fig.
2, we plot the exact solution on (). We solve the problem using linear polynomials, p = 1. We
begin by first setting x = 1 and # = 1 and continue by setting 6 ~ h,. The numerical convergence
rates for the several levels of mesh refinement are presented in the first columns in Table 1. They
are in very good agreement with the theoretically predicted estimates given in 4.24. We observe
that the numerical solution u;, € V;; gives optimal convergence rates, i.e., the values of r are very
close to one, for all the refinement steps. Next, we perform the same computations by setting
k = 0.92 hs. The associated convergence rates are presented in the last columns in Table 1. For
the case # = 1, we observe that the rates r at the last refinement steps approaching the value
1.5, which is in agreement with the predicted rates in (4.24a). Similarly, for the case 6 ~ h,, the
value of r are little higher than one, for the firs mesh levels. However, as we move on to the next
mesh levels, the values of r are close to one, and thus are in agreement with the values predicted
by the theory.

hs [p=1,k=1|p=1, Kk~ hs

— ho/2°10 = 1|60 ~ hs||0 = 1|6 ~ hs

Convergence rates r

s=1{1.09 |1.10 |[0.93 |1.35

s =2|1.04 |1.06 1.20 |1.31

s=3(1.13 |1.11 1.35 |1.14

s =4/0.97 ]0.99 1.38 |1.10

s=25|1.13 |1.10 1.41 |1.03
=6|1.04 |1.01 1.47 |1.02

Fig. 2: Example 1: The solution u on Q. Table 1: Example 1: The convergence rates .

Example 2: Q C R? p = 2. In the second example, we consider the problem on @ = (0,1) x
(0,1).The exact solution is given by the formula

u(z,t) =sin(27t)sin(2wx). (5.2)

The source function f is defined to match the solution in (5.2). In Fig. 3, we plot the exact
solution u on a relative coarse mesh with h = 0.25. We solve the problem using second order,
p = 2, polynomial space. For the first group of computations we set Kk = 1, # = 1 and 6 ~ h,.
In the first columns in Table 2, we show the convergence rates r. As in the previous example,
the values of r are approaching the value two, and confirm the theoretical predicted rates given
in Theorem 4.2. We repeat the same computations setting £ = 0.1 and keeping the same values
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for 6. The produced rates r are shown in last columns in Fig. 2. We observe that, for the first
mesh levels, the values of r are higher than the expected values. The reason can be that the mesh
size h, for these meshes is close to the value of k, see also the rates in third column in Table 1.
Moving to the next mesh levels, we can see that the rates are approaching the expect value and
are in agreement with the predicted estimates in (4.24). For the case 6 ~ h,, we can see that the
rates r are close to two, as it was expected.

hs [p=2,k=1|p=2,xk=0.1
- ho/2°[0 = 1] ~ ho]|0 = 1]0 ~ hs
Convergence rates r
s=1[2.10 |2.70 ||2.28 |1.75
s=2[1.90 |1.80 [|2.21 |1.92
s=3[1.91 [1.95 |[|2.25 |2.20
s =4[1.90 [1.99 [/2.06 |2.19
s=25(1.93 [1.96 |/2.09 |2.11
=6(1.94 (1.97 |/2.10 |2.00

Fig. 3: Example 2: The solution u on @ Table 2: Example 2: The convergence rates r.

Ezxample 3: Q C R®, p = 1. The this third example, the problem is considered on @ = £2 x (0,1)
with £2 = (0,1)%. The exact solution is given by the formula

u(z,y,t) = (cos(2m(z — y)) — cos(2m(z + y))) sin(2mt). (5.3)

Note that u = 0 on X and uy = 0. The function f is determined by (5.3). In Fig. 4, we plot the
contours of u for ¢ = 0.8. The problem has been solved on a sequence of meshes as in the previous
tests using linear polynomial space, p = 1. We perform similar computations as before, choosing
k =1 and Kk = 0.2. In the first columns in Table 3, we can see the values of the convergence
rates r for k = 1. We observe that the numerical solution exhibits first order convergence for both
cases § = 1 and 0 ~ h,. These rates are compatible with the theoretical estimates presented in
Theorem 4.2. The last columns in Table 3 show the rates for k = 0.2. For the first coarse meshes,
the rates related to # = 1 are little higher than the expected. This can be explained by the fact
that the magnitude of the diffusivity & is close to the mesh sizes. The next rates related to the
finer meshes are close to one and are in agreement with the theory. Also, the rates related to
0 ~ hg are optimal for linear polynomial spaces and in agreement with the theoretical predicted
estimates.

Finally, we can conclude that the proposed bubble stabilization finite element scheme performs
well for all the examples. The produced numerical solution gives optimal order of convergence in
the || - ||5-norm, when problems with smooth solutions are solved.

hs [p=1,k=1|p=1,k=0.2

ho/2°[0 =1]0 ~ h [0 = 1[0 ~ hs
Convergence rates r

1.09 |1.02 {|0.61 |0.60
0.90 |0.90 |[1.38 |1.26
0.92 |0.90 |[1.30 |1.16
0.97 |0.97 |[1.17 |1.15
1.05 [1.05 |[1.10 |1.11

I
=W N

(S8

Fig. 4: Example 3: The solution u on @ C R? Table 3: Example 3: The convergence rates r.
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6 Conclusions

In this article, we have proposed and analyzed a bubble stabilized space-time finite element
method for solving linear parabolic evolution problems. The construction of the method was based
on a space-time variational formulation of the initial PDE problem, which allows the unified space-
time discretization by finite element techniques. We presented a discretization error analysis and
proved that the method has optimal convergence properties, when the PDE problem has smooth
solution. We showed that the optimal order of convergence is not affected by the choice of the
value of the parameter 6 appearing in the additional bubble stabilization terms. The theoretical
foundlings have been verified by performing several numerical examples. A possible extension of
the presented work is to combine the proposed method with time or space-time mesh adaptivity
techniques.
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