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Abstract. In this work, we study the approximation properties of a
new method, that applies the Isogeometric Analysis (IGA) discretiza-
tion concept and the Discontinuous Galerkin technique on the inter-
faces, for solving linear diffusion with discontinuous diffusion coefficients.
The computational domain is divided into non-overlapping sub-domains,
called patches in IGA, where B—Spline finite dimensional approzima-
tions spaces are constructed. The solution of the problem is approxi-
mated in every sub-domain without imposing any matching grid con-
ditions and without any continuity requirements for the discrete solu-
tion on the interfaces. Numerical fluxes with interior penalty jump terms
are applied in order to treat the discontinuities of the discrete solution
on the interfaces. We present an a priori error analysis for problems
set in two- and three- dimensional domains, with solutions belonging to
WhP1>2 pe (#?—1)’ 2]. In any case, we show optimal convergence
rates of the discretization with respect to ||.||pg-norm.

Key words: linear elliptic problems, discontinuous coefficients, Dis-
continuous Galerkin discretization, Isogeometric Analysis, non-matching
grids, low regularity solutions, a priori error estimates.

1 Introduction

The finite element methods (FEM) and, in particular, discontinuous Ga-
lerkin (DG) finite element methods are very often used for solving ellip-
tic boundary value problems which arise from engineering applications,
see, e.g., [1],[2],[3]. Although the isoparametric FEM and even FEM with
curved finite elements have been proposed and analyzed long time ago,
cf. [4], [5], [6], [1], the quality of the numerical results for realistic prob-
lems in complicated geometries depends on the quality of the discretized
geometry (triangulation of the domain), which is usually performed by a
mesh generator. In many situations (e.g. fluid dynamics problems), ex-
tremely fine meshes are required around objects, singular corner points
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e.t.c. in order to achieve numerical solutions with desired resolution. This
fact leads to an increased number of degrees of freedom, and thus to an
increased overall computational cost for solving the discrete problem, see,
e.g., [7].

Recently, the Isogeometric Analysis (IGA) concept has been applied
for approximating solutions of elliptic problems [8], [9]. IGA generalizes
and improves the classical FE (even isoparametric FE) methodology in
the following direction: complex computational domains can be exactly
represented as images of parametric functions which are constructed by
using superior classes of finite dimensional spaces e.g. B-Splines, Non-
Uniform Rational B-Splines (NURBS), see [10], [11]. The same class of
functions is used to approximate the exact solution without increasing
the computational cost for the computation of the resulting stiffness ma-
trices [12], systematic h—k refinement procedures can easily be developed
[13], and, last but not least, the method can be materialized in parallel
environment incorporating fast domain decomposition solvers [14], [15],
[16].

During the last two decades, there has been an increasing interest in
discontinuous Galerkin finite element methods for the numerical solution
of several types of partial differential equations, see, e.g., [17] and [2].
This is due to the advantages of the local approximation spaces without
continuity requirements that DG methods offer [18], [19], [20], [21].

In this paper, we develop a method by trying to combine the best fea-
tures of the two aforementioned methods. Specifically, we study and an-
alyze the IGA approximation properties to elliptic boundary value prob-
lems with discontinuous coefficients. The problem is set in a complex,
bounded Lipschitz domain 2 C R? d = 2,3, which is subdivided in a
union of non-overlapping sub-domains, say S(£2) := {;}}¥,. For sim-
plicity, we assume that the discontinuity of the diffusion coefficients is
only observed across sub-domain boundaries (interfaces). The weak solu-
tion of the problem is approximated in every sub-domain applying IGA
methodology, [9], without matching grid conditions along the 92;, as well
without imposing continuity requirements for the approximation spaces
on 92;. By construction, DG methods use discontinuous approximation
spaces utilizing numerical fluxes on the interfaces, [22], and have been
efficiently used for solving problems on non-matching grids in the past,
[21], [23], [24]. Here, the numerical scheme is formulated by applying nu-
merical fluxes with interior penalty coefficients on the interfaces of the
sub-domains (patches), and using IGA in every patch independently. The
resulting discretization technique is called Discontinuous Galerkin Iso-
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geometric Analysis (DGIGA). A crucial point in the presented work, is
the expression of the numerical flux interface terms as a sum over the
micro-elements edges taking note of the non-matching sub-domain grids.
This gives the opportunity to proceed in the error analysis by applying
the trace inequalities locally as in DG finite element methods. There are
many papers, which present DG finite element approximations for elliptic
problems, see, e.g., [18], [25], the monographs [20],[19], and, in particu-
lar, for the discontinuous coefficient case, [21], [26]. However, there are
only a few publications on the DGIGA and their analysis. In [27], the au-
thor presented discretization error estimates for the DGIGA of plane (2d)
diffusion problems on meshes matching across the patch boundaries and
under the assumption of sufficiently smooth solutions. This analysis obvi-
ously carries over to plane linear elasticity problems which have recently
been studied numerically in [16]. In [28], the DG technology has been
used to handle no-slip boundary conditions and multi-patch geometries
for IGA of Darcy-Stokes-Brinkman equations. DGIGA discretizations of
heterogenous diffusion problems on open and closed surfaces, which are
given by a multipatch NURBS representation, are constructed and rigor-
ously analysed in [29].

In the first part, we give a priori error estimates in the ||.||pg norm
under the usual regularity assumption on the exact solution, i.e. u €
WL2(02) N W222(5(02)). Next, we consider the model problem with low

2d

regularity solution v € WhH2(02) N w'=2re(arain 2) (S8(£2)) and derive
error estimates in the ||.|| pg. These estimates are optimal with respect to
the space size discretization. We note that the error analysis in the case
of low regularity solutions includes many ingredients of the DG FE error
analysis of [30] and [26] on low regularity boundary value problems. To
the best of our knowledge, optimal error analysis for IGA discretizations
combined with DG techniques for solving elliptic problems with discon-
tinuous coefficients in general domains 2 C R% d = 2,3 have not been
yet presented in the literature.

The paper is organized as follows. In Section 2 the PDE problem is
described. In Section 3, we introduce some notations. The local B, (S(f2))
approximation space and the numerical scheme are also presented. Several
auxiliary results and the analysis of the method for the case of usual
regularity solutions are provided in Section 4. The analysis of the method
for low regularity solutions is given in Section 5. Section 6 includes several
numerical examples that verify the theoretical convergence rates. The
paper closes with the conclusions.
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2 The model problem

Let {2 be a bounded Lipschitz domain in R¢, d = 2,3, with the boundary
012. For simplicity, we restrict our study to the model problem

—div(aVu) = f in 2, and u = up on 012, (2.1)

where f and up are given smooth data. In (2.1), « is the diffusion coef-
ficient and assume be bounded by above and below by strictly positive
constants.

The weak formulation is to find a function v € W12(£2) such that
u := up on A2 and satisfies

au, ¢) =l(¢), Yo € Wy (£2), (2.2a)

where

a(u,qb):/QaVqubdx, and l(qb):/gf(;ﬁdfv (2.2b)

Results concerning the existence and uniqueness of the solution u of prob-
lem (2.2) can be derived by a simple application of Lax-Milgram Lemma,
[31]. To avoid unnecessary long formulas below, we only considered in
(2.1) non-homogeneous Dirichlet boundary conditions on 9{2. However,
the analysis can be easily generalized to Neumann and Robin type bound-
ary conditions on a part of 92, since they are naturally introduced in the
DG formulation.

3 Preliminaries - DG notation

Throughout this work, we denote by LP({2),p > 1 the Lebesgue spaces for

B =

which [, [u(z)|P dz < oo, endowed with the norm ||ul| .» (o) = ([o lu(z)[P dz)?.
By D({2), we define the the space of C* functions with compact sup-
port in £2, and by C*(£2) the set of functions with k — th order contin-

ues derivatives. In dealing with differential operators in Sobolev spaces,

we use the following common conventions. For any (multi-index) o =

(a1, ..., 0q), aj > 0,5 =1,...,d, with degree |a| = 2?21 a;, we define the
differential operator

D% =D ... D% with D; = ——, DOy = 4. (3.1)
.
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We also denote by Wl’p(Q), [ positive integer and 1 < p < 0o, the Sobolev
space functions endowed with the norm

1

lullwiny = (D 1Dulfpg)?s (3.2a)
0<la|<m

[ullwiee 2y = mazo<|a)<m|| D ulloo- (3.2b)

For more details for the above definitions, we refer [32].

In order to apply the IGA methodology for the problem (2.1), the
domain {2 is subdivided into a union polygonal sub-domains, S({2) :=
{023 |, such that

2=

'CZ

Il
—

2;, with 2,N02; =0, if j #i. (3.3)

2

The subdivision of {2 assumed to be compatible with the discontinuities
of a, [21],[26]. In other words, the diffusion coefficient assumed to be
constant in the interior of (2; and its discontinuities can appear only on
the interfaces Fj; = 062; () 052;.

As it is common in the IGA analysis, we assume a parametric domain
D of unit length, (e.g. D= [0,1]9). For any §2;, we associate n = 1,...,d

knot vectors =5 on D, which create a mesh Tt )D = {Em}m 1, Where
( ) 747

E,, are the micro-elements. We shall refer Th_ 5 as the parametric mesh
of §2;. For all E, T:j)[) we denote by hEm the diameter of E,, and
by h; = max{h Em} the parametric meshsize of T' :)f)' Further, we assume

the following properties on every TIS) P

—ifE,eT }Ez)ﬁ then h; ~ h B and also for the boundary edges e B, C
OEy, holds that hy ~ep |

— quasi-uniformity: for two adjacent micro-elements E,,, F, it holds

hzp ~hg

Em En

(4) (%)

On every T po e construct the finite dimensional space IB%h spanned

by B-Spline ba81s functions of degree k, [10],

A i i) dim(B()
Béi) = span{B](- )(w)}j:(] il (3.4a)
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where every j-base function B J@ (Z) in (3.4a) is derived by means of tensor
products of one-dimensional B-Spline basis functions, e.g.
BV (3) = B (21) - - B (20). (3.4b)
For simplicity in the following error analysis, we consider the case where
the basis functions of every ]B%gl?,i =1,..., N have the same degree, k.
Every sub-domain §2; € S(£2),i = 1,...,N, is exactly represented
through a parametrization (one-to-one mapping), [12], having the form

®:D 2, ®(2)=)Y CVBY(@)=ve (3.52)
J
with & = ¥;(z) := &, (2), (3.5b)

where C](.i) are the control points.Based on ®; of (3.5), we construct a
mesh TiE:?QZ = {Em}%;l for every {2;, whose vertices are the images of

the vertices of the corresponding parametric mesh T]Ei)ﬁ through ®;. If

ho, = max{hg,, }, En € T,E?Ql is the sub-domain f2; mesh size, then
based on definition (3.5) of ®;, there is a constant C' := C(||®;(Z)|lo0)
such that h; ~ Chg,. In what follows, we denote the sub-domain mesh
size by h; without the constant C' := C(||®;(%)||c0) explicitly appearing.

The mesh of £ can be considered to be Tj,(2) = UX, TIEQQw where
we note that there are no matching mesh requirements on the interior
interfaces Fj; = 042;()042;,1 # j. For the sake of brevity in our notations,
the interior faces of the boundary of the sub-domains are denoted by Fr
and the collection of the faces that belong to 0f2 by Fp, e.g. F' € Fp if
there is a {2; such that F' = 02; () 912. We denote the set of all sub-domain
faces by F.

Further, we define on {2 the finite dimensional B—Spline space

Br(S(£2)) = IB%(l) e X IB%( ), where every IB%() is defined on T( )Q as
follows
= (B0, B (2) = B)) o wi(w), vB) € B)}.  (36)

For every E e T}g?)ﬁ, we denote by Dg) its support extension, the

union of all the basis function E(i) € @(i) supports whose support in-

tersects E. Analogously, we deﬁne the union support in physical sub-

() (4)

domain (2; by D’ to be the image of D through the paramteriza-

tion map ®;, e.g. D(E) = (D(E))' Since ‘I’Z( ) € IFB,(;), the components
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Diiy....Pg; € Iﬁ%;:) are smooth functions and hence there exist constants
Cm, Cps Such that

em < |det(®;(2))| < ear, i=1,....d, for all # € D (3.7)
where ®;(2) denotes the Jacobian matrix %.

Now, for any @ € Wm’p(f?), m > 0,p > 1, we define the function
U(z) = u(P;(x)), = € 2, (3.8)

where the mapping ¥ is defined in (3.5b). For the analysis presented
below, it is necessary to show the following relation

Conllillyymny < WUl < Cotllillyympiys  (3:9)
where the constants C,,, Cs depending on

Cm = Cm(ﬂ%iﬁ(”pmoéi”w)v Hdet(‘I’;(fv))Hm)

and
Cym = CM(%%%(HDWO\I%HOO), [det(®;(2))]|oo)

correspondingly. ~

Indeed, for any @ € W™P(D) we can find a sequence {i;} € C®(D)
converging to 4 in H.||Wm7p( by we then have by applying the chain rule
in (3.8) that

D.(¥;(x)) "' DUj(z) =Di;(¥;(x)). (3.10)
Then for any multi-index m we can get the following formula

D™Us(x) = > Pomo(x) DU (), (3.11)

mo<m

where P, () € IB%;:) is a polynomial of degree less than k£ and includes
the various derivatives of W;(z). Multiplying (3.11) by ¢(z) € D({2;), and
integrating by parts we obtain

(—1)Im /Q Uj(2) D" p () dor = > /Q Ponno (1) DU () p () di.

mo<m

(3.12)
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If we transfer the integral in (3.12) to integrals over D using the change
of variable z = ®;(&) we get

D [ (@)D" (@) et 2)| d =
52 [ Py (®8) D™ (0 (0) et () . (3.13)

mo<m
But it holds that D™0u; — D™04 in H'HLP(D)= thus taking the limit j — oo
in (3.13) and transferring the integrals back to (2;, we can derive (3.12)

with respect to Y. We conclude that (3.11) holds in the distributional
sense, and therefore

/|Dmu )|pdx<C/ Z | P o () D™0U ()P dax <

7'77’L()<'m
Cr e, (P mzm/ (DU z)P de <
0>
P (|det(® D™u(&)P di <
Cp max (max( m,mo(w)))r;ag\ e !m;m/\ i(#)|” di
O max (11D @ (z) o [ det (B () 1) Z DP9y (314)

The “right inequality” of (3.9) follows immediately by (3.14). The “left
inequality” of (3.9) can be derived by using the reverse change of variable
Z = ¥;(z) and following the same arguments as above.

3.1 The numerical scheme

We use the B—Spline spaces IB%;IZ) defined in (3.6) for approximating the
solution of (2.2) in every sub-domain §2;. Continuity requirements for
B, (S(2)) are not imposed on the interfaces Fj; of the sub-domains, clearly
By (S(£2)) C L*(£2) but B,(S(£2)) ¢ WH2(£2). Thus, the problem (2.2)
is discretized by discontinuous Galerkin techniques on Fj;, [21]. Using
the notation qbgf) = ¢nln,, we define the average and the jump of ¢, on
F;; € Fr respectively by

{on) = 5617+ 0), [onl = o) — o7, (3.150)
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and for I; € Fp

{on} == on, [on] == ¢§f)- (3.15b)
The DGIGA method has as follows: find up, € By, (S(£2)) such that
an(un, dn) =Uén) + pp(up, ¢1), Yon € Br(S(£2)), (3.16a)
where
> 1
ap(un, on) :Zai(uh,¢h) — Z §Si(uh,¢h) +pi(up, on),  (3.16Db)
=1 Fi;eF

where the linear forms in (3.16b) are as follows, [21],

ai(uh,qﬁh) —/ aVuthSh dx, (3.160)
£2;
5:(tn, dn) = / {aVur} -0, [#n] ds, (3.16d)
F;eF
pi(un, on) =pi;(un, dn) + pig (un, on) = (3.16e)
10D pa® 1a®
e L AR B A A P

N0

pp(up, dn) —/ upp ds, (3.16f)

F,eFp hl
where the unit normal vector ng,; is oriented from (2; towards the interior
of {2; and the parameter ;> 0 will be specified later in the error analysis.

For notation convenience in what follows, we will use the same ex-
pression

pal?)
/F ( h; + ) lun][on] ds,
for both cases, Fj; € Fr and F; € Fp. In the later case we will assume
that o) = 0.

We mention that in [21], apart from the form (3.16) another discrete
formulation has been considered by introducing harmonic averages of the
diffusion coefficients on the interface fluxes. Also, harmonic averages of
the two different grid sizes have been used to penalize the jumps. Here,
we prefer the forms (3.16d), (3.16e) for their simplicity. The possibility of
using other averages for constructing the diffusion terms in front of the
consistency and penalty terms has been analysed in several works, see

e.g. [26], [33].
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D E—
P migfo-elerent

Parent domain

Parametric domain

Interface Fij i oj

Qi

Physical sub-domains
Fig. 1. The parent element, the parametric domain and two adjacent sub-domains.

4 Auxiliary results

In order to proceed to error analysis, several auxiliary results must be
shown for u € W'P(S(2)) and ¢, € B (S(£2)). The general frame of
the proofs consists of three steps: (i) the required relations are expressed-
proved on a parent element D), see Fig. 1, (ii) the relations are “trans-

formed” to E € Tf(f)f) using an affine-linear mapping and scaling argu-

ments, (iii) by virtue of the mappings ®; defined in (3.6) and relations
(3.9), we express the results in every (2;.

Let D, be the parent element e.g [—xp,z5]¢ C RY with diameter
H,, see Fig. 1. D, is convex simply connected domain, thus for any = €
0D,,3x¢ € D), such that

((L‘—.’L‘o)'naDp >CDp NCHP- (4.1)

Lemma 1. For any u € Wl’p(Dp),l >2,p>1 there is a
C :=Cp,qp such that the following trace inequality holds true

/aDp lu(s)[P ds < c(/Dp\vu(x)\de/ w@)Pda).  (4.2)

P
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Proof. Forr = (x — zp) we have

d
/ ViulP - rdx = Z/ p|u\p*2u%m dr = p/ lulP2uVu - r da.
Dy i=1 Y Dp Oz; Dy
(4.3)

The application of divergence theorem gives

vttl”~rdﬂﬁ=/ IU\pr‘naDpds—/ lulPdiv(r)de.  (4.4)
Dy D,

Dy

Hence, by (4.1), (4.3) and (4.4) it follows that

/ |ulPr - npp, ds = p/ lulP"2uVu - rdr + / |ulPdiv(r) dz
oD, D D

P P

and by (4.1), we get

CHp/a lulP ds < p/ ’U|p_2uvu -rdx +/ |u|Pdiv(r) dz.
Dp

p Dp

Applying Hélder and Youngs inequalities, we have

/ |ulP ds < Ch, (Cl,p(/ [ulP dz + |[VulP dz) + C’d/ |ul? da:)
D, Dy

Dy
chp,d,p</ yuypdx+/ Vul? dz)
DP DP

= Catyap (1l i,y + 190l ) ) (45)
[ |

We point out that similar proof has been given in [24] in case of p = 2.
D, is considered as a reference element of any micro-element EeT :.)5

and let the linear affine map to be
05: Dy BT 4(ep,) = Brp, +1, (4.6)

where |det(B)| = |E|, see [34].
1—d
Using (4.6), we have |ulyip(p,) = hs P|ﬁlwl,p(E) and applying the

quasi uniformity of T}EOB, we derive by (4.2) that

—(d—l)/ » (O—ﬁ)p/ » p(l—Z)/ »
h . ulPds < C(h. ulPde + h . VulP dx
E 666E| | ( B E' | E E' | )
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and directly we get

1 . .
Pds < — p p—1 p @ _
/e lpas<c(g /E P d- B /E Valpdo), vE €T (47

i)

iy

/ |uypds<c(h / [ul? dae + hP~ 1/Ayvu|de). (4.8)
FyedD i D

Finally, by making use of (3.9), we get the trace inequality expressed on
every sub-domain

1 -
/ |ulP ds < C(— / |ulP dx + h? ! / |Vul? dw), (4.9)
FijeF hi Jo, 2

where the constant C' is determined according to the Cp,, Cys in (3.9).

Summing over all micro-elements EeT }E 5 e have

Lemma 2. (inverse estimates) For all ¢y, € IB% defined on T( ) , there

is a constant C' depended on mesh quasi- umformzty pammeters of the
mesh but not on h;, such that

\ Q

1962, 5 < 2o lonl, 5 (4.10)

Z

Proof. The restriction of ¢p|; is a B—=Spline polynomial of the same
order. Considering the same (finite dimensional) space on the parent el-
ement D, and by the equivalence norms on D, we have, [34],

IV6nIE 0, < Co 6l o, (4.11)

Applying scaling arguments and the mesh quasi-uniformity properties of
}El)A the left and the right hand side of (4.11) can be expressed on every

i’

EeT()

27

—*P

||V¢h|| < Chy " lonllf, (4.12)

Lv(E)

summing over all in (4.12) E € T() we can easily deduce (4.10).
|
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Lemma 3. (trace inequality on finite dimensional space) For all ¢p €
Iﬁ%;:i) defined on ngé)ﬁ and for all F, e 83, there is a constant C' depended

on mesh quasi-uniformity parameters of the mesh but not on h;, such that

C
p
16815 5,c0m) < 7219000 5 (4.13)

Proof. Applying the same scaling arguments as before and using the local
quasi-uniformity of T( ) . that is for every é € OE holds |é| ~ h; we can

show the following local tmce mequality

10812, ey < Ch7I0RIE, (4.14)

summing over all Ee T;Elj)ﬁ that have an edge on E we deduce (4.13).
. T

Next a Lemma for the relation among the ](bhlwl’p p) and [T r— (D)

Lemma 4. Let ¢, € BYY such that ¢, € W (E)nW™9(E),VE € TC )5
where 0 < m < [, 1 < p,q < oo. Then there is a constant C’ =
C(l,p,m,q) depended on mesh quasi-uniformity parameters of the mesh

but not on h;, such that

m—l— +7
|¢h|Wl,p(E) < Chi |¢h|qu j_:j) (415)

Proof. We mimic the analysis of Chp 4 in [34]. For any ¢, € Iﬁ%,&?bp, we
have that

|Pnlwir(p,) < Clénlwma(p,), n € E;(;)\Dp- (4.16)

Using the scaling arguments as in proof of (4.7),

|¢h‘wlp ) <Ch q|¢h|wm,q(]§])

and it follows directly

m—I— _;'_7 ~ (i
(Bl < Ch N énlymacsy on B (417)

For the particular case of m =1 =0 in (4.15), we have that

d(5—4)
H‘?ﬁhHLp(E) < Chi v H¢h”Lq(E)- (4-18>
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4.1 Analysis of the DGIGA discretization

Next, we study the convergence estimates of the method (3.16). We as-
sume for the solution u that u € ng’z = Wh2(2)NnWh2(S(2)), 1 > 2.
We consider the enlarged space W,lf = Wff + Br(S(£2)), equipped with
the broken DG-norm

N

lullbe = (a(i)HVU(i)H%%m) +pi(u(i)7u(i))>a weW,?  (4.19)
i=1

For the error analysis is necessary to show the continuity and coercivity
properties of the bilinear form ay(.,.) of (3.16). Initially, we give a bound
for the consistency terms.

Lemma 5. For (u,¢p) € I/V,ll’2 X By (S(12)), there are Ci.,Ca. > 0 such
that for every Fy; € Fr

s =] [ tavud o, (6 o) as] <

CLE (hZOé(Z) ”Vu(z) ||%2(F”) + h]a(J) HVU(J) ”%Q(sz)> +

1 (a(i)

(7) . ,
a (0 _ ,(5))2
o (Gt Tl = o laqr,y - 420)
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Proof. Ezxpanding the terms and applying Cauchy-Schwartz inequality yields

sl €| [ {aVupong, (0f - o) as| <
C(aDIVul||p2(r,) + @D IVaD| 2r) ) 165 = 65 1 22m,
applying Young’s inequality:
Oé(i)HVU(i)||L2(Fij)||¢§f) - ¢i(1j)||L2(Fij) < Cl,ehz‘a(i)||Vu(i)\|%2(Fij)+

N0
Cach;

l6%) = 63 12,
we obtain

|si| < Cl,ehia(i)Hvu(i)H%Q(E ) T Cl,ehja(j)Hvu(j)H2L2(Fij)+

]
ot
CQ,shi

Ore (R IVuO o gy + hjal [Vul o))+

J

) . () A ,
(@) (312 o (%) (4))12 _
”(Z)h — Pp HLQ(Fij) + CQ7ghj H¢h - ¢h HLQ(FZ.].) —

1 (a(i)

Dy
a (1) _ ,(5))2
02,5 I’LZ + hj) H¢h - th ||L2(Fij)'

Remark 1. In case where F; € Fp, the corresponding bound can be de-
rived by setting in (4.20) a¥) = 0 and qﬁgj) =0.

Lemma 6. (Discrete Coercivity) There exist a C > 0 independent of «
and h;, such that

an(un, up) = Cllunlpa, un € Br(S(£2)) (4.21)
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Proof. By (3.16a), we have that

N
an(up,un) =Y ai(up, un) — i(un, up) + pi(un, up) =
i=1
N
S il Vunlaay — / {aVun} - g, fun] ds+
=1 F”ef
(@) (4)
o o
S (G + S ) Ml (422)
F;eF ¢ J

For the second term on the right hand side, Lemma 5 and the trace in-
equality (4.13) expressed on Fij € F yield the bound

— Z / {aVu} -np, [up] ds >

Fue}'
) 1 7a® o) )
—cl,azaz-HVuhuLzm— > o (Gt T )Ml (428)
i=1 FyeF ~%° ! J

Inserting (4.23) into (4.22) and choosing C - < % and p > é we obtain
(4.21).
|

Lemma 7. (Boundedness) There are C1,Cy > 0 independent of h; such
that for all (u, ¢n) € Wp* x By, (S(£2))

an(,6n) < C(ullbo+ - aPhi| Vu®|Ea s ) ) +Collgnlha. (4.24)
Fi;eF

Proof. We have by (3.16a) that

u, Pp) Z/ aVuVoy, dx + Z / {aVu} -ng, [¢n] ds+

Fz] o2

> / )[[U]] lpnlds =T + To + T.  (4.25)

FijeF
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Applying Cauchy-Schwartz inequality and consequently Young’s inequality
on every term in (4.25) yield the bounds

Ti < Cillullbe + Callénlbe:
for the term 15, owing to the Lemma 5

()
< 37 (ClanlVul s, +Ca (5 —+ )H[[%]]HLZ )

FijeF

<C1 Y a0l Vu? Tz + Collénlbes
F,eF

o) (@)
<y (“hj + ) (OEd e,y + CollonllEar,)

< Cillullpe + Calldnllpe-

Substituting the bounds of Th,Ta, T5 into (4.25), we can derive (4.24).

In Chp 12 in [10], B-Spline intrpolants, say IIj, are defined for u €
LP functions. Next, we consider the same interpolant I[Ipu and give an
estimate of the interpolation error of ITpu to u € WhH2(£2;).

Lemma 8. Let m,l > 2 be positive integers with 0 < m <[l < k+1 and
let E = ®(F),F ¢ TIE%)D' For uw € WY2(§2;) there exist an interpolant

Iy € IB%,(Z) and a constant C := C(max,; || D" (I)iHlLOO(E)) such that

> u— Iyulfyme )<Ch ||u||W12(Q) (4.26)
pery

Proof. The proof of (4.26) is included in Lemma 11 (see below) if we set
p = 2. See also [9].
|

Next we give interpolation estimates on the interfaces and in ||.|| pg-norm.

Lemma 9. There exist constants
Ci := C(maxyy<; | D ®|| oo (1), [[ullyr.z (2,)) such that for all F;; € F the
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following estimates are true

hiaD|[(Vu® = Viu®) g, (|72, < Cibd 2, (4.27a)
(4) (@) () p2l-1
(5= + S u® — mu®|2, 4 ) < Ci(aDR2 2421 ) - (4.27h)
h; h; h;j
' — Myulhg <ZC (R4 > al th 2). (4.27¢)
J

FijeF

Proof. For (4.27a): we apply the trace inequality (4.9) for u := u® —
IILu and consequently using the approzimation estimate (4.26) the re-
sult easily follows.

For (4.27b): we make use again of (4.9) and we get

NORENOR

(5—+ h —— ) = Ty | F2 <
J

o) o 1

INC) NG ali)p2-L

A Q7211 (@) 212
C; n h )hz SCz(a h; —1—7}” )

Recalling the approzimation result (4.26) and using (4.27b) we can
deduce estimate (4.27¢c).
|

In order to proceed and to give an estimate for the error ||u — up|| pa, we
need to show that the weak solution satisfies the form (3.16a).

Lemma 10. (Consistency of the weak solution.) The solution u satisfies
the variational formulation (3.16),

i(/ aVu - Vo dr — Z / {aVu} - np, [¢n] ds+

i=1 2 FieFr

NORENG)
(uhi +th )/ [[u]][[¢h]]ds)

3 / al! u¢hds>=

FieFp Fi

Z/ fondr + Z “a /up¢hds. (4.28)

F,eFp
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Proof. We multiply (2.1) by ¢ € Br(S(£2)) and integrating by parts on
each sub-domain §2; we get

/ aVu - Vo dr — / aVu - nygo,¢n ds :/ Jondx.

Summing over all sub-domains

N
Z/ aVu-Vepdr — Y / [aVugy] - nF.ds:;/Qif@ldx.

Fi;eF
(4.29)

The regularity assumption u € Wé’z implies that [aVu]-ng,, = 0. Making
use of the identity

[ab] = a1by — azbs = {a}[b] + [a]{b},

relation (4.29) can be reformulated as

N
aVu - Vo dr — {aVu} -np [én] ds+ (4.30)
; /(Zl " FZJGJ:I / F "
aVu ng,¢p ds = fd) dx.

The continuity of u implies further that

5 (5000 | itaaes -

FijG}—I FEJ:
3 “O‘ / upénds. (4.31)
F,eFp
Finally, adding the terms of (4.31) and (4.30) we can deduce (4.28).

We can now give an error estimate in ||.|| pg-norm.

Theorem 1. Letu € Wé’z solves (2.2) and let up, € Bp,(S(£2)) solves the
discrete problem (3.16). Then the error u — uy, satisfies

lu — un|%e < Zc (hﬂ 24 % o h2l 2) (4.32)

FijeF

where C; := C(maxy <t | DR[| g, lullwi(ay))-
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Proof. Let Ipu € By(S(£2)) as in Lemma 8, by subtracting (4.28) from
(8.16a) we get

ap(un, dn) = an(u, gn),

and adding —ap(IIpu, ¢p) on both sides
ap(up — Hpu, ¢n) = ap(u — Iy, ¢p). (4.33)

Note that up, — Ipu € B (S(82)). Therefore we may set ¢, = up — IIpu
in (4.33), and consequently applying Lemma 6 and Lemma 7 we find

Jun — T < C(Ju — Mg+ 3" RV — D) s, )
Fi]'GJ:
(4.34)

Using the triangle inequality
lu—unlbe < llun — Hpullbe + |lu — Myulbe (4.35)

in (4.34) and consequently applying the estimates of (4.27) we can obtain
(4.32).
|

5 Low-Regularity solutions

In this section, we investigate the convergence of the discrete solution uy
produced by the proposed DGIGA method (3.16), under the assumption
that the weak solution w of the model problem (2.1) has less regular-
ity, that is u € Wg¥ := W2(Q) n W (S(R2)), 1 > 2,p € (o1, 2)-
Problems with low regularity solutions we can be found in several cases,
as for example, when the domains have singular boundary points, points
with changing boundary conditions, see e.g. [35], [36]. We use the en-
larged space W)* = WP + By, (S(£2)) and will show that the DGIGA
method converges in optimal rate with respect to ||.|| p¢ norm defined in
(4.19). We develop our analysis inspired by the techniques used in [30],
[19]. A basic tool that we will use is the Sobolev embeddings theorems,
see [32],[31]. Let [ = j +m > 2, then for j =0 or j =1 it holds that

2d
d+2m’

||UHWJ2(.QZ) < C(l7p’27 Ql)HuHWZP(QZ)? for p > (51)

We start by proving an approximation estimate for interpolants of the
tensor product splines of degree k defined in (3.6).
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Lemma 11 (Interpolation estimates). Let u € WP (§2;) with 1 > 2,p €
(max{1, d+2l 1)} 2] and let E = &;(E),E ¢ T(z) Then for 0 < m <
Il < k+1, there exist an interpolant IIyu € IBh(S(Q)) and constants
C; = C; (maxlog D2 ®; | oo (2,))s llull o Qi)), such that

I—
S fu— Hpulfy g < HVC (5.2)
EeT,g?ﬂi

Furthermore for the interface terms and the |.||pg norm we have the
estimates

o 1] |[Vul) = VD7, < CiCy VT (5.3a)
ORNG
(0% «
. (,Tj + ) e = Mydllze ) < (5.3b)

: h 5(p, 2 Zh é(p,d 2
Cal L (1l )+ i3 (17 ullwrogay) ) +

8(p,d 5(p,d 2
c;(m >Huuwl,p(%)) + G (WD fullwingay)

N
5(p,d 2
o llu— Myulpe < Zo( R T I (5.30)
hi (. 5(p.d 2
Z Cia W= ( i(p )”UHWM(QZ.))
F,jeF

where §(p,d) =1+ (% -

hSAISH
—_
~

Proof. We give the proof ofA(5. 2) based on the results of Chap 12 and Chap
13 in [10]. For f € W'P(D), there exist a tensor-product polynomial of

order m, T™f such that for every E € T:j)f) holds, [34],

m I—m
|f -T f|Wm,p(E) < Cd,l,mhz‘ |f’Wz,p(Dg))‘ (5'4)
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Because of m < k is IH,(T™f) = T™ f and it also holds that HﬂthLp(E) <
CHf”LP(D“))' Using these results, we have that
E

|w = Ity ) < w =T ulyymp gy + [Hne =Tl gy

< u— Tmu|wm,p(]~j) + [ (u — Tmu)|wm,p(E)
m —m+i—2 m
< Cihi~ [l + Cehi 7 P MH(u = ™) oy (by (4:10))

< CyhL” + Cohy " u—T™ul ) (by (5.4))

| ’leP(D )

< Chl m’u‘wlp D(l)) (55>

Recalling (3.9), the above inequality is expressed on every E € TfE?QZ
Then, taking the p — th power and summing over the elements we obtain
the interpolation estimate (5.2).

For the proof of (5.3a): applying (4.9) and using the uniformity of the
mesh we get

thVU(” - VHhU ”Lp Fij) = <C; Cdp (*Hvu(Z Vﬂhu(i)”ip((z )+

VR = VR, g ) <™ o2 CiCapht ™77 (5.6)

For the proof of (5.8b): we first make use of the trace inequality (4.9)

, 1 : ,
— Ihul? | Fa g < Cicd,pa(l)(ﬁ /Q ) — 1y ul? da
+/ IV (u' — Tyu®)? do) =
CZCdJ,oz( / |u® — @ ? da + Z / V() — Tl )]2d:r>
Bery, Ber

(5.7)

The Sobolev embedding (5.1) gives

3=

llzzo,) < O, 2. D) ([l ) + ltlyinp )P (58)
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Using the scaling arguments, see (4.6), and the bounds (3.9) we can derive
the coresponding expression of (5.8) on every E € T}E?Qi’

—d
HUHL2 ) < Cihy” ([ullfs ) + b [l )

and a straight forward computatwn gwes

3=

2(¢-
2||UHL2(E) <Ch ? p (” ”

2
) T ulfyipm)? - (5.9)
Proceeding in the same manner, we can obtain
9 2(§-2-1) » 2% 2
HUHWLQ(E) < Cih, (HUH P(E) + h; |U’ Wlr(E) + h; ]u\W2 p(E))p (5.10)

Setting in (5.9) and (5.10) u = u® — I,u® and applying the approxi-
mation result (5.2), we can show that

S ol (2 -

™72y + [0 = w312 )

Bet)
Dy I (E—21) 2 vl
< 3 (@O ull o)) < (note that f(2) = (@ + 5} 1)
EeT,ﬁi{Qi
; Ip+p(d—4— 2 ; H(§-2-1 2
aey( > (T Il o)) < 00C (b lullwioay) -
EET, o,
(5.11)
Moreover, (5.11) implies that
Oé(])hz 1 (%) 17 ()12 < Ca(])h@ hl+(g—%—1) 2 512
S = g < G (g lullwiogey) s (5:12)
stmilarly
()h 1

) @p. I+(£—4_1) 2
o +
) = T < G (7 )

(5.13)
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Now, returning to the inequality (5.3b) and using (5.11),(5.12) and (5.13),
we find

(5 + 20— Il <
O‘(]zhi}iuu(i) T 2 + O‘(:ihj hlj”“(j) — T s
+ O;z(j)llu(j) — Mpul? |[J2,y + O;L(z)lu(i) — Tyul? |32
< A (0 pa)) 405 (1 )
+Cj(h?r(%_g_l)IIUIIWz,p(Qj))Q+C’i(hi+(%_g_1)||“||Wl’p(9i))2' (5.14)

For the proof (5.3c), we recall the definition (4.19) for uw — IIyu and have

N
lu = Mylbe = > (@@IV (@ — Mu®)|22
=1

(@) (4)
pald pa ,
Fi;eF

Estimating the first term on the right hand side in (5.15) by (5.11) and
the second term by (5.14), the approximation estimate (5.3¢) follows.
|

We need further discrete coercivity, consistency and boundedness. The
discrete coercivity ( Lemma 6) holds true for this low regularity case, too.
Using the same arguments as in Lemma 10, we can prove the consistency
for u. Due to assumed regularity of the solution, the normal interface
fluxe (aVu)|g, - nF,; belongs (in general) to LP(F;;). Thus, we need to
prove the boundedness for ay(.,.) by estimating the flux terms (3.16d) in
different way than this in Lemma 7. We work in a similar way as in [26]
and prove the following bound for the interface fluxes.
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Lemma 12. There is a constant C = C(p,2) such that the following
inequality for (u, ¢p) € W}lL’p X B, (S(£2)) holds true

> /{aVu} ng,; [¢n] ds < (5.16)
Foor 2
1
1+ i 1+ g
O 3 a0 U ) énlpe,
FeF

1
where vy g = id(p —2).
Proof. For the interface edge e;; C F;; Holder inequality yield

1 1 . .
5 | 3009u 4 a@Tu o] s <

ij

=
[

()4 ()4
i) 1+ dy 5 i ) 7 14,y L e
C [ @OR T 9| on] 4@ DR ) (TS el ds

hy ” B
(i)
)1 , 1 i al
< C(aDh; ) | Vul )HLp(eij)WH[W)h]]HLq(eij)
h; *
1
() e () all)!
+ C(ah; )7 [ Vul| o (eiy) T Nnlllage,)- (5:17)
h, *
J

We employ the inverse inequality (4.18) with p = q¢ > 2, ¢ = 2 and use
1+vp,a _ 2+d(p—2)
P 2p
in the convenient L? form as follows

the analytical form

to express the jump terms in (5.17)

1

(1)1 L) (Aoly_24dp=2)

o Na
—ra=a N[8n]l Laes;) <Cinvp2e™® by 0 202 6]l r2(es)
h. 2P

7

< Cznv,p72a ||[[¢h]]”L2(e” (518)
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Inserting the result (5.18) into (5.17) and summing over all e;; € Fj; we
obtain for q > 2,

/ {aVu} np, [en]ds <C > / 1aDVu® + oD uD||[¢r]| ds

eij€Fyj
. ) L L1 1
<c( Y an vy, NN @O (lonllrze,)”)”
eijEFij eijeFij hzZ
) 3 147p,a ()P g Gy L 0\ 1
+c( Y aln v, (N a9 (S llonllzee,)?)
e €EF;j e €EF;; h;

(5.19)

Now, using that the function f(z) = (Aa® + )\ﬂ”) A >0,z > 2 s
decreasing, we estimate the “q-power terms” in the sum of the right hand
side in (5.19) as follows

(3 a0

ei]‘GFi]‘ h

(SIS

1
q

lonllze,)?)” < (3 a9 (S lonllszce)?)

€;j GFZ‘]‘

<. M\H

J
(4) (4) 1
pat o ) !
< (5 +hj)|![[¢hﬂHL2<Fij>) (520

and thus applying (5.20) into (5.19) we get

;/F”{avu} : nFij [[¢h]] ds <

1 p, 1 p,
20 (O uO L, )+ aOn VU

W= e
Q=

(@)
<(Lw;+ljz)llﬂ¢hﬂl‘%2(Fzg)> : (5.21>

We sum over all Fij € F in (5.21) and consequently we apply Holder
mnequality

3 3 [ tevuionas <

F”eJ-'

i) . 14+7p, 3 i) 7 1+7p, 1
20( Z a( )hi ’YdeVu( )HI[?/P(FU) + a(])hj ’Ydevu(J)”ip(Fij)>
Fi;eF

3=

[N
Q=

(5.22)

(@) (4)
(X (55 + 2ol s,

FieF
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Following in much the same arguments as in proof of (5.20), we can
bound the second ZFM in (5.22) as

(4) (4) g 1
(5 (2 i, )
ij

1
2

< ||¢nllpa- (5.23)

(> ¢ “a( el 2(,)

hi
Fi;eF

Using (5.22) and (5.23), we can easily obtain (5.16).

Lemma 13. (boundedness) There is a C := Cp o independent of h; such

that ¥(u, ¢n) € WP x B,(S(12))

1+ i i
an(u, dn) < Cllullhg + Y by 0D VuO|p, o+
Fi]'GJ:

(5.24)

1
1+ j ' ’
B! od () Hvu(y)Hip(Fij)) "lénllpe,

Proof. We estimate the terms of ap(u, ¢p) in (3.16b) separately. Applying
Cauchy-Schwartz for the terms (3.16¢) and (3.16e) we have

N

> ai(u,én) < Cllullpellénlipe (5.25a)
=1

N

> piu.6n) < Cllulpellénllpe- (5.25D)
=1

For the term (3.16d) we use Lemma 12

N
Z_;szudm <> DTy,

Fi;€F
1

) 1+ j
W)k} %duvuunvg,,mj))”umum, (5.26)

Combining (5.25) with (5.26) we can derive (5.24).
|

Next, we prove the main convergence result of this section.
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Theorem 2. Let u € Wép,l > 2, p € (max{1, d+21 0 },2] be the solu-

tion of (2.2a). Let up, € By(S(£2)) is the DGIGA solutzon of (3.16a) and
IThu € By(S(£2)) is the interpolant of Lemma 11. Then there are
Ci := Ci(maxy<; | D ®| o)), HuHWz,p(Qi)), such that

uu—uhum<z( (nD 3 J>” 50D i)

Fi;€F
(5.27)

where §(p,d) =1+ (% — g —1).

Proof. Since (up, — Ipu) € B (S(£2)) by the discrete coercivity (4.21) we
have

lup — HhuHQDG < ap(up — Hpu,up, — Hpu). (5.28)
By orthogonality we have
|lup — HhuH%G < ap(up — Hpu,up — Hpu) =
ah((uh —u) + (u— ITpu),up — Hhu) = ah(u — pu,up — Iyu)

1 i i i
< C(Hu — Ipullpa + ( Z hi—wp’doz( N Vu® — ITyul )HJZP(F )
Fi;eF

1
1+ j g
QO [Tu) — T2, ) lun — Tl

where immediately we get

lup—Iyu| pe < Hu—Hhuﬂpg—i—( St A/p’da(l)HVu(Z)_Hhu(l)”IZP(FH)
Fi;eF
1

1 ; i j 3
+h! +p,d ])Hvu( ) _ Hhu(J)||ip(Fij))p' (5.29)

Now, using triangle inequality, the approximation estimates (5.3) and the
bound (5.16) in (5.29), we obtain

|up, — ul|pe < ||lun — Hpu|pe + ||lu — Hyu| pg <

N G p,

&(p,d « i, 6(p,d
E C;h )||uHWz,p(Qi)+ E C; » ho >Hu||Wz,p(Qi), (5.30)
=1 FijEf

which is the required error estimate (5.27).
|



DGIGA for Elliptic problems 29
6 Numerical examples

In this section, we present a series of numerical examples to validate nu-
merically the theoretical results, which were previously shown. We restrict
ourselves for a model problem in {2 = (%1, %)d:3, with I'p = 92. The
domain {2 is subdivided in four equal sub-domains §2;,7 = 1, ..., 4, where
for simplicity every §2; is initially partitioned into a mesh T}E:)QZ with
h:=h; = hj,i # j,i,j = 1,...,4. Successive uniform refinements are per-
formed on every TIE:)QZ in order to compute numerically the convergence
rates. We set the diffusion coefficient equal to one.

All the numerical tests have been performed using G+SMO!, which is
a generic object oriented C++ library for IGA computations. In the first
test, the data up and f in (2.1) are determined so that the exact solution
is given by u(x) = sin(2.57x)sin(2.57y) sin(2.57z) (highly smooth test
case). The first two columns of Table 1 display the convergence rates. As
it was expected, the convergence rates are optimal. In the second case,
the exact solution is u(x) = |z|*. The parameter ) is chosen such that
u € WhP=14(0), [37]. In Table 1 in the last columns, we display the
convergence rates for degree k =2, k =3 and [ = 2, [ = 3. We observe
that, for each of the two different tests, the error in the |.||pg norm
behaves according to the main error estimate given by (5.27).

highly smooth| k =2 k=3
2 k=2 k=3 JI=2[=3[I=2[I=3
- Convergence rates
s=0| - - - - - -
s=1{/0.15| 291 |0.62]0.76(0.24|1.64
s=2{234| 242 |0.29|1.10(0.28|0.89
s=3]2.08| 3.14 |0.35]1.32(047|1.25
s=4|202| 3.04 |0.35|1.36|0.36|1.37
Table 1. The numerical convergence rates of the DGIGA method.

Remark 2. In a forthcoming paper, we will present graded mesh tech-
niques in DGIGA methods for treating problems with low regularity solu-
tions. We will show, how to construct graded refined mesh in the vicinity
of the singular points of u, in order to get the optimal approximation
order as in the case of having smooth wu.

! G+SMO: http://www.gs.jku.at/gs-gismo.shtml
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7 Conclusions

In this paper, we presented theoretical error estimates of the DGIGA
method applied to a model elliptic problem with discontinuous coeffi-
cients. The problem was discretized according to IGA methodology using
discontinuous B-Spline spaces. Due to global discontinuity of the approxi-
mate solution on the sub-domain interfaces, DG discretizations techniques
were utilized. In the first part, we assumed higher regularity for the exact
solution, that is u € W'222, and we showed optimal error estimates with
respect to ||.||pg. In the second part, we assumed low regularity for the

2d
exact solution, that is u € lez’pe(d“(l—l)’m, and applying the Sobolev

embedding theorem we proved optimal convergence rates with respect to
||l.ll b The theoretical error estimates were validated by numerical tests.
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