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Abstract

In this paper, an Interior Penalty Discontinuous Galerkin finite element method
(IPDG) is analyzed for approximating quasilinear parabolic equations. The
equations can be characterized as perturbed parabolic p-Laplacean equations.
The fully discrete scheme is obtained by applying s-stage Diagonally Implicit
Runge-Kutta Methods (s-DIRK) for the time integration. The nonlinear sys-
tems of the algebraic equations appearing in s-DIRK cycles are solved by de-
veloping two low storage Picard iterative processes. A stability bound is shown
for the semi-discrete IPDG solution in the broken ||| pg, p-norm. Continuous in
time a priori error estimates are proved in case of p > 2, when linear approx-
imation space is used. A numerical test is performed in order to compare the
performance of the two Picard iterative processes. Also, the results presented
in the theoretical analysis are confirmed by numerical examples.

Keywords: quasilinear parabolic problems, perturbed parabolic p-Laplace
problem, interior penalty discontinuous Galerkin method, stability estimates, a
priori error estimates.

1. Introduction

In this paper, an Interior Penalty Discontinuous Galerkin method (IPDG)
is studied for approximating solutions of quasilinear problems in LP setting,
which can be recognized as examples of the perturbed p-Laplace problem. The
problems are described by nonlinear diffusion equations, where the diffusion co-
efficient has a standard p-exponent form, that is (u+|Vu[)?=2, u > 0, with most
interesting case here p = 1, [1]. Very often, these constitute the mathematical
model in many practical applications, as in aerodynamic, non-Newtonian flows,
plasticity and glaciology, see e.g. [2], [3].

Over the last two decades, there has been an increasing interest on devis-
ing discontinuous Galerkin (DG) methods for the numerical solution of elliptic
and parabolic problems. This interest comes from the advantages of the local
approximation spaces without continuity requirements that DG methods offer.
Finite element methods defined on discontinuous spaces with interior penalties
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for linear elliptic problems were first analyzed in [4], [5]. These methods, for
the construction of the penalty terms on the interfaces, use similar techniques
as the Nitsche’s treatment of introducing penalty terms for imposing Dirich-
let boundary conditions. These approaches are generalized by symmetric and
non-symmetric IPDG methods, see [6], [7],[8], for a comprehensive analysis of
IPDG methods for linear elliptic problems. Recently, DG methods have been
proposed and analyzed for applications to nonlinear elliptic problems formu-
lated in W2(Q). For example, in [9], DG methods have been analyzed for
second order elliptic and hyperbolic systems and in [10], DG symmetric/non-
symmetric methods have been analyzed for non-Fickian diffusion problems. In
[11], an incomplete IPDG is introduced for a class of second order monotone
nonlinear elliptic problems and a priori error estimates are given under minimal
regularity assumptions on the exact solution. We also refer [12], where a hp-DG
method has been studied for monotone quasilinear elliptic problems. Using the-
ory of monotone operators, the authors showed the uniqueness the DG solution
and derive a priori error estimate in a mesh-dependent energy norm. Based on
the already results for steady problems, IPDG methods have been proposed for
solving parabolic type problems. We refer, but not limited to, the following. In
[13], the first analysis of a semi-discrete IPDG method was presented for lin-
ear problems and in [14], optimal error estimates for a semi-discrete symmetric
IPDG method have obtained for nonlinear parabolic problems. We also mention
[15] and [16], where error estimates are discussed for fully discrete IPDG meth-
ods, and furthermore, we refer [17] where three fully discrete IPDG methods
are considered and analyzed.

In contrast to the analysis of IPDG methods for elliptic problems with natu-
ral formulation in W12(€2), there are no contributions that are concerned with
nonlinear problems formulated in W1P72(Q), like the problem with p-exponent
diffusion coefficient that is considered here. Maybe as one exception, we can
refer the work presented in [18], where IPDG approximate solutions are studied
for the p-Laplace equation, (u = 0). It is the purpose of this paper to make a
first step in this direction.

We point out that, classical (continuous) finite element methods, for more
general p-form problems, the so-called (p, §)-structure problems, have been an-
alyzed in the literature, see e.g. [19] and [20]. For parabolic (p,d)-structure
problems, we refer [21], where optimal convergence rates have been shown, in
case of using linear finite element in space and implicit Euler scheme in time.

The IPDG scheme proposed here, see (3.8), has the same form as the IPDG
scheme in [12], but here the numerical flux is appropriately re-formulated in
order to be compatible with the p-nature of the problem. As a first task, stability
bounds are proved in ||.|pg,p-norm, for the case of g = 0. Then, using the
interpolation estimates presented in [20], a priori error estimates are given for the
semi-discrete problem for p > 2, assuming conventional regularity for the exact
solution. The IPDG spatial discretization, generates a nonlinear ODE system
with respect to the degrees of freedom. We discretize in time this system by
s-stage Diagonally Implicit Runge-Kutta methods (s-DIRK). Every cycle of the
Runge-Kutta method includes the solution of nonlinear algebraic systems. Two
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low computational cost Picard block-iterative methods are proposed for solving
the nonlinear systems, [22]. The Picard iterative methods are constructed based
on the local (per element) approximation features of the IPDG method. The two
different iterative methods are expected to have the same order of convergence
(first order), but different performance speed, since the second one uses the latest
available solution (and not the solution of the previous iteration) for updating
the nonlinear parts of the system.

The outline of the paper is as follows. It begins by presenting the model
problem. Then inequalities for vectors a,b € R? are shown, which are used
later to derive the continuity-monotonicity properties of the scheme. In Section
3, the IPDG method is described. Section 4 includes the formulation of the s-
DIRK method for the time discretization and the description of the two Picard
methods. In Section 5, a stability bound for the discrete solution of the p-
Laplace problem is presented. A priori error estimates for p > 2 are shown in
Section 6. The paper closes with the numerical tests in Section 7.

2. The model problem

Let © be a bounded domain in R?, with smooth boundary I'p := 9. We
consider the following scalar initial boundary value problem

up — divA(Vu) = f in Q x (0,7 (2.1a)
uo(z) = u(z,0) in Q (2.1b)
u=up, on I'p x (0,7, (2.1c)

where (0,7 is the time interval, f : Q X (0,7] =2 R, ug : @ > R, up : I'p x
(0,7] — R are given smooth functions. The operator A(Vu) : R? — R? has the
form
A(Vu) = (u+ [Vul)P 7V, p>1, p>0,

where |.| : R? — R is the Euclidean measure and a(Vu) = (u + |Vu|)P~2
is the diffusion coefficient. The nonlinear nature of the problem (2.1) comes
by the appearance of |Vu| in the diffusive coefficient and this poses numerical
challenges. The IPDG methods presented so far for nonlinear elliptic equations
are referred to problems where the natural formulation is given in W12(Q),
and either a(.) is uniformly bounded, e.g. [23], or a(.) satisfies a monotone
condition, e.g. [11], [12]. One can not applied the same methodology for the
problem (2.1) which is formulated in W1P(Q). This fact motivates the need
of further analysis and of developing numerical fluxes compatible with the p-
exponent form of the diffusion coefficient. The goal of this paper is to make a
first step in this direction.

Assuming that f € C([0,T]; L3(Q)), ug € WH2(Q)NWLP(Q), we call u weak
solution of (2.1), if u € L>(0,T; WhP(Q)) N W12(0, T; W12(Q)), ulr, = up
satisfies the following formulation for any v € W, (Q)

vt > 0, /utvdx—l—/A(Vu)-Vvdx:/fvda:, (2.2)
Q Q Q
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where
T
L?(0,7;V) ={v: (0,T) = V: / ||v(t)H§’/ dt < oo}.
0

The existence-uniqueness of the solution of (2.2) (even with other assumptions
on the data) are ensured by means of the monotone operators theory, see e.g.
[1], [24]. We refer [25], [21], for regularity assumptions on the problem data
for obtaining optimal rate of convergence for finite element solutions. For the
analysis here, we assume the following conventional assumptions

u €W2(0,T; WH2(Q)) N LP(0, T W=27(Q)). (2:3)

Through the paper C;,i = 1, ... will be generic constants with different values
independent of crucial quantities. The explicit dependence on the problem data
will be mentioned.

2.1. Helpful inequalities for vectors

Working further on the results of Chp I in [24] and [26], we prove special
algebraic inequalities that are going to be used later. In the proofs, we use the
function F : R2 — R? )

p—=
F(a) = (4 + |a]) *a. (2.4)

We introduce the formula
'd
A)—A(a) = / E(M +la+t(b—a)))P"%(a+t(b—a))dt, (2.5)
0
and by an easy computation on the right hand of (2.5) we get
1
A(b)— A(a) = / (n+la+t(b—a)|)’%(b—a)dt+
0

1
(=2) [ (-t la+tb - ) Flak tlb—a)|!
2(a+t(b—a),b—a)(a+t(b—a))dt. (2.6)

Multiplying (2.6) by b — a, we have
1
(A(b) — A(a),b—a) = [b—al? / (1 + la+t(b—a)|)P~2di+
0

1 -
<p—2>/0 (it [a+ t(b — ) )*a+ (b — a)| !

(a+t(b—a),b—a)’dt. (2.7)
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The last term on the right hand side of (2.7) is positive and for p > 2 we get

1
(A(b)— A(a),b—a) >|b— a|2/ (n+]a+tb—a)|)P~2dt (2.8a)
0
by applying Cauchy-Schwarz inequalities, we further get

’A(b) —A(a)| > |b—a| /0 (u+la+t(b—a))P~2dt. (2.8b)

Also, applying Cauchy-Schwarz inequality on the last term on the right hand
side of (2.6), we have

1
/O(u+\ath(bfa)|)p*3|a+t(bfa)|71\a+t(b7a)|2|b7a|
<|b—a| /1(u+ la+t(b—a)|)P~2dt. (2.9)
0

Therefore, combining (2.9) and (2.6), we get

|A(b) — A(a)] < (p — Db — a|/0 (u + la+ t(b — a))P~?dt. (2.10)

Recalling the forms of A and F and setting in (2.10) p := 252 we obtain

1
(1t 1b)"*b — (u+ Ja) "a < (5=l ( [ Gutatio—a) )’
and s, [F(b) ~F(@)P < (5)'b—af [ (u+larib-a)yta

By (2.8a) and (2.8b), we have

|F(b) — F(a)|> <C(p)(A(b) — A(a),b —a), (2.12a)
|F(b) — F(a)]> <|A(b) — A(a)|*. (2.12b)

Keeping p > 2 and using that (u+ |a+t(b—a)\)2pT_2 < 2max{(,u—|—|a|)p7_2, (n+
2

|b|)p2;2}(li +la+t(b— a)|)p%, we derive by (2.10) that
A®) ~ A@)] < (o= 1b—al [ (it [+ i(b )5 @

1
SC(P)MUaMb\)/ Ib—a|(u+la+tb—a))= dt
0

< C(p)M(ja), b)) |F(b) — F(a)], (2.13)

p—2 p—2
where M |a), b)) = 2max{(u + [a]) 2, (1 + |b]) = }.
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3. The Numerical Scheme

3.1. Preliminaries - DG notation

Let Ti, = {FE;}2 be a regular subdivision of Q in triangular elements
(without hanging nodes) with diameter hg,, where for simplicity we assume
h := ming,cr, hg, = maxg,er, hg,- We denote by € = £/JEp all the
edges, where &; is the set of the interior edges of T}, that is & = {e : e =
OFE;,,(0FEout, for E;p, Eout € T} and Ep is the set of the Dirichlet boundary
edges Ep ={e: e =0F;,(\'p, Ein, € Tr}. For each of e € £ we associate a
unit normal vector n.. For e € £p, n, is considered to be the outward normal
to 09.

Define the following broken Sobolev spaces for s > 2, p > 1

WP (Ty,) :=={v € LP(Q) : v|g € W*P(E),VE € T}, (3.1)
and the discontinuous finite element space V;*(T},) C WP (T},)
Vi¥(T) == {v € LP(Q) : v|p € P*(E),VE € Ty}, (3.2)

where P*(E) is the space of polynomials of degree less than or equal to k.
Let e € &7, we define the average and the jump of v € W, *(T}) on e by

B, TVE,.,), and  [v]=v[g, —v|g,,- (3.3)

1
) = 5
In case of e € £p, we define

{v}=w

1
{vip = §(W|Em +up), and  [v]p =wv

Ein > and [v] = v

Eins (3.4)

Ein — up.

The space W;?(T},) is equipped with the broken DG norm, [27],[18],

[¢]|P
4 = Pd h =1 d .
Iolbes = > J 1vo Yo 15 s (35)
[@]p (P
E oh | |[===| ds,
ecép /e h

where p > 1 and ¢ > 0 is a parameter.

8.2. Auziliary results

Next, we summarize some results from the literature, which are going to be
frequently used.

lemma 3.1. (Trace inequalities). For vy, € Vi¥(T}),), and v € W, P(T),) with
p > 1 there exist positive constants Cy(k,p),Ca(k,p),Cs(k,p) independent of
the mesh size, such that
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(i) I onll? ) < O per, Mllvnllbn o
(1) nllfsom < C2h ™ Hlvallls g
(iii) [[v]lL2om) < Csh = ([v]lLace) + AV L2())-
Proof. The proofs of the above inequalities can be found in [7]. O

The Holder, Young and Poincare’s inequalities: let 1 < p,p’ < oo such that

]% + 1% =1, and € > 0, then for u € LP(Q2) and v € LP'(Q) we have
[ tuvlde < ullogoy ol o (3.62)
/ juvfde < - ||“|| @)+ = ||vH @ (3.6b)

The generalized Poincare-Friedrichs inequality for v € Wé 2 (Th), see [28],

W=

oz < (3 Vol + 3 3lElE) - 37)
EeTy, ecErUEp
3.8. The IPDG discretezation

For the simplification of the formulas below, we will often use fQ u dx instead
of > p [pudz. Inspired by the IPDG method in [12], we present the IPDG
numerical scheme for discretizing the problem (2.1). We introduce the semi-
linear form B : W; P (T},) x W, P(Ty) — R, such that for u, ¢ € WP (Ty)

(u, @) = Z / (Vu)VuVodr — /{a Vu)Vu - ng ol ds

EeT e€ly
_ Z /{a(f Vo - ne}Hulds + Z / ¢ ds+
eelr
—Z/ %V(i)ne Dds+z / Ip6 ds
ecép
- Z / (Vu)Vu -n.pds, (3.8)
eeép
where o := o(k,p) is a positive parameter and will be specified in the error

analysis. Giving an interpretation of the terms that appear in (3.8), we can
say that, the second integral in (3.8) gives an approximation of the trace of the
nonlinear flux and ensures the consistency of the method. The third integral,
“symmetrizes” the flux form of B(.,.) which is important for the numerical
computations. The fourth integral penalizes the jumps on the interfaces and
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helps for achieving the discrete coercivity of B(.,.). The rest terms defined on
the boundary edges have similar meaning with the formers.
We also define the linear form

L) =% /E fodz. (3.9)

EeTy,

The semi-dicrete problem is formulated as follows:
find w, € WH2(0,T; V;¥(T},)) such that

Auy, (t)

/Q C9D b + Blun, 6) =L(9), Yo € V(L) (3.10)

up(0) =uo,pa,

where 1o pg is the approximation of the initial condition to the V}*(T},) space.
Due to the assumed regularity (2.3) for the weak solution « (note that the jumps
[u] = 0 on the interfaces), it is easy to show that w satisfies the variational
formulation (3.10),

/ M) i+ Blu,0) = L(6), V6 € VL) (3.11)
Q

For every E € T}, the DG solution of (3.10) is expressed as up, = Y, UF (t) P;(z)
where UF are the degrees of freedom and P;(x) € P*(E) are the local polynomial
basis functions. When this expression is substituted into (3.10), we obtain the

following nonlinear ODE problem of finding the vector U = [.., UF, ...] such that
dU(t
M% + B(U(t)) =L(¢), (3.12)
U(0) =ux(0)

where M is the block-diagonal mass matrix and the entries of B and L are
specified by (3.8) and (3.9) respectively.

4. Fully discrete formulation

We discretize (3.12) with respect to time using s-stage Diagonally Implicit
Runge-Kutta methods (s-DIRK), [29]. Hereafter, we denote by At the time step
and with U” the approximation of U(¢,) at time ¢, = nAt, n = 0,1,2,.... If
Ti,t = 1,..,s are the quadrature points, b; are the weights and a;;,j = 1,...,¢
are the entries of Bucher’s table, the s-DIRK method for the problem (3.12) is
given by

MAU™ = — Ati: aij (B(U”’j) - L(t"’j)), i=1(1)s (4.1a)

MU =pU” — Ati b, (B(U"’i) - L(t”’i)), (4.1b)

i=1
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where t™' = t" + 1;At and AU™" = U™ — U". The computation of the
intermediate solutions U™* in (4.1a) includes the solution of a nonlinear system,
which is achieved by a Picard iterative process

for 1 =1,...,1;, compute U™ by
(M + aiiAth(U”’lfl))U”J —R(U",UY), (4.2)
set U™ =U™in,

where Bp(U™!~!) is the iterative matrix produced by the Picard lineariza-
tion and R(U™,U7) := MU" — Aty ay (B(Uw‘) . )) is the resid-
ual computed using the previous solutions. In the present work, for computa-
tional efficiency, two low-storage variations of the Picard iterative process (4.2)
are applied, (i) the element-Jacobi (PEJ) and (ii) the element Gauss-Seidel
(PEGS). Both iterative approaches are simple applications of the Picard iter-
ative method presented in [22]. In the element-Jacobi scheme, the full Picard
matrix Bp(U™!~1) is approximated only by the block diagonal entries, neglect-
ing in that way the contribution of the off-diagonal matrix blocks, which arise
through the evaluation of the numerical fluxes on the interfaces. The numerical
fluxes are computed using the previous solution vector U™!~1 and are added to
the right-hand residual R. The diagonal blocks of Bp(U™!~1) represent small
dense matrices and are associated with each element E € Tj,. The solution of
the resulting PEJ system of (4.2) is performed element by element using LU
factorization method. The convergence of the previous proposed PEJ iterative
method can be further accelerated by using Gauss-Seidel strategy, giving in this
way, the second mentioned PEGS iterative method. PEGS method applies the
same splitting of the matrix Bp(U™!~1), but follows a passing over the inter-
faces by computing the numerical fluxes using the latest available solution U™!
or U™!=! where it is possible. In the numerical tests (see Section 7), the itera-
tive process of (4.2) stops when ||[U™! —U™!~|| < tol for a prescribed tolerance
tol and then we set U™ := U™, We point out that, PEGS method is expected
to have similar convergence rates per Runge-Kutta cycle as the PEJ method,
but more improved performance behavior in terms of CPU (in fact the stop-
ping criterion |[U™! — U™!=1| < tol is achieved performing fewer iterations
than the PEJ method). Comparison between the two iterative methods will be
shown in Section 7. Other higher-order iterative procedures (e.g. Newton) can
be applied for computing the intermediate solutions of (4.1a). In many cases,
the computation of the Jacobian matrix of B(U(t)) may increase the CPU time
of the whole ODE solver, see examples in [22], and more advanced numerical
techniques must be applied, see e.g. [30], [31]. Anyway, for the numerical tests
presented in Section 7, the previous proposed Picard iterative methods have
been found to be appropriate for solving (3.12).
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5. A stability bound in ||.|| pg,p for the case of p =0

In this section, we give a stability estimate (a priori bound) for the DG
solution wyp, in case of u = 0, (p-Laplace problem) and note that Gronwall’s
lemma is not used. Stability bounds can be also obtained working in different
direction using the monotonicity properties of B(.,.), which are presented later.
Here, the stability bound uses the ||.|| pg p-norm (3.5).

lemma 5.1. For the form (3.8) with u = 0, there are constants k > 0, Cp > 0

such that o
D
B(¢.¢) 2 kll¢lba, — 75—t

Proof. Choosing uj, = ¢ in (3.8) we obtain

lupll?,, ¥6 € ViE(Th): (5.1)

Bo.0) = 3 [ a(ve)ve. wda:fzj/{aww n.}(¢lds

Ee€T), e€ly

72/{ wne} d+Z /

ecr

- Z/ D)V (6 — up)ds

ecép

Ly / D)(6 —up)ods

eec€p

- Z/ (V$)V6 - nedds =

ee€p
TW-To—T5+Ty —T5 + 1T — I7

For the term T, we have
=Y / (Vo)Vo - Vodr = / |Vo|P da.
EcTy, E€Ty

For the rest terms, applying inequalities (3.6), Lemma 3.1 and introducing con-
stants C; ¢ := C;(e, p,p’) whit € > 0, it follows that

T2<‘Z/{av¢v¢ n,} ds‘<

e€lr

Z/h {‘w’ ‘ ‘ds<

e€&y

(Vo) v¢‘}’ ‘ds <

10
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5})17 ds)l/p (/e(hp )pds)l/p <

(&

5 (el ) [} )
5 (o ool a0 z %\ 131

3Cs,. Z/‘qu)‘ dz +—

EcTy,

For T3, working in the same way as for Ty we have

T3<Z/ (
(/1 ds>5</€<w
ez<c;/g

CS €
e€

1/17

) )"

7‘ hds+c3,€/h{‘v¢‘}1’ds) <

ds

‘ ds +3C;..

E€Ty,

A stralghtforward computation for the term T} gives

Ti

e€ly

For the term T applying the same steps as for T3 yields
P
/ 0= unl” o 5e 3 / Vol ds,
Ep€eTy

where Ep € Ty, are the boundary elements: {E € T}, : 0ENTp # 0}.
Term Ts can be bounded as follows

¢ — up|?™? *UD)( —up +up)
T = O'h ds =
’ eEc‘fD / h
3 Uh/(|¢ UD|) ds— 3 Jh/<|¢—hUD|>”_2(¢—UZg(—UD) ds >
e€€p € e€€p ¢

Zah/(

eeép €
(1- Cs.) ah/ ‘7
eeép

e g (e e

lup|
0656 h/hpl ’

11
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Similarly, adding up — up the term T7 can be bounded

p
T, < ‘wH qu+uD)’ds<C75 Z/ ‘w‘ dz
Ep€eTh Ep
_uD |uD‘P
07, oh hP—1 ds.

e€€p

In the previous inequalities, choosing C; . such that

1
3C: +3C3.+3Cs5.+Crc < 5

and choosing the parameter o to satisfy the following relations

1 1 1
+

>1,(1-C > ,
7 ( 676)0‘ + 02,6 C3,6

—, 0 >
_05,6 075’

)

while keeping h < 1, we can find x > 0 and Cp, in order (5.1) to be true. O

Now, choosing ¢ = uy(t) in (3.10) and using (5.1), we have

d Cp
sl + sllunOlfp., < L@+ 3 s luplf, (5:2)

Applying inequality (3.6) on the right hand side of (5.2), we get
1
Lun(®)] £ IS O gy + Cncllun ) o (53)

Based on the discrete embeddings, see [27],

61 < (2 /| W'”;;ﬂ}—l [l6): voe v, e

. c
we can easily show that [Junl|7, ) < Cpllunlpe, + 7trllunlly,-

Thus, inserting (5.3) into (5.2) and then applying inequality (5.4), we obtain
for Cg e = 5 that

Ch
2l (55)

K
ﬁ“uh“%z(n) + §HuthDG,p <

Integrating from 0 to ¢, we get the following stability bound for up,

t
lun ()220 + / () By dr < llionl2(

e / 1 g+ oellun(r) [, dr. (5.6)

12
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6. Continuous in time a priori error estimates

Next, we give an error estimate on how close is the IPDG solution uy of
(3.10) to u of (3.11), that is an estimate for

Ju-unll3. 56 = 3 IF(Tu)-B(Tu) 2+ 3 bl (L) (L) 2, ) 4
E eelr
> onfE(12) cp(M2) e, 6)
ecép

where the function F has been defined in (2.4) and the jumps [.] in (3.3) and
(3.4). We mention that similar error formula has been used in [32], where a LDG
method studied for (p,d)-structure problems. We consider the case where the
solution u has the regularity (2.3), us € V;}(T},) and Zu € V;}(T},) is the Scott-
Zhang interpolant of u, [33]. For problem (2.1), we suppose that up € P1(€p)
and the parameter p is such that (for example py = 1)

/01(/“" la+s(b—a))P~?ds > 1, (6.2)

where in (6.2), a represents u or uy, either their gradients and b takes the role
of Zu or its gradient. In the error analysis, we will make use of the following
approximation result, which has been proved in [20].

lemma 6.1. Let u € W*22P(Q) with F(Vu) € WH2(Q), and Tu € V1 (T},) its
Scott-Zhang interpolant. Then there are constants Cq,Co > 0 independent of h
such that

IF(Vu) — F(VZIu)|72(gy <CLB?||VE(Vu)liz(s,) VE € Th, (6.3)
where Sg is a domain made of the neighboring elements of E in T},.

Corollary 6.2. Under the assumptions of Lemma 6.1 and (2.8) the following
estimate holds true fort >0

lu = Zuld pe < Ch* > [VE(V)|72 () (6.4)
E€Ty

for C' > 0 independent of h.

Proof. We observe for u and the Scott-Zhang interpolant Zu that [u] = [Zu] = 0
on every e € £. The estimate (6.4) follows immediately by the definition (6.1)
and the approximation result (6.3). O

Proposition 6.3. Under the assumptions (6.2), we can obtain the following
estimates

[l — Iu||2L2(Q) < Capuzullu - Iu”%‘,DG? (6.5a)

llun — Iu||2L2(Q) < Cllup — Iu”%‘,DG‘ (6.5b)

13



Proof. We recall inequality (3.7) for v := u — Zu and consequently we apply
(2.8b) and (2.13) to obtain

lu = Zull72(q) < Capullt — Tulls pe < Copullu — Zullf pe-

For the estimate (6.5b), let e € Ep, then we have that |up —Zul |e < |up—up] |e+
lup — IuHe. Therefore, using the inequality ||up — Zul|z2(q) < [Jun — Zulpa,2
(see (3.7)) and then applying (2.8b) and (2.13) for every term of ||uy, —Zu|| pg,2,
we get

lun — Zull72(qy < llun = Zullpe,e < Caypu, llun — Zullz pe-
209 D

20 lemma 6.4. Under the assumptions of Lemma 6.1, there exist a C' > 0 inde-
an pendent of h such that

S HIE(Va) — F(VI0)|3a) < CF 3 [VE(VW) 3oy (6.6)

ecé E€Ty,
Proof. Using v := F(Vu) — F(VZu) in inequality (iii) of Lemma 3.1 and sum-

ming over all edges, we have that

> hIF(Vu) = F(VIu)|72() <3C Y (IF(Vu) = F(VZu)|[72 )+
ec& FEeTy

W |V(F(Vu) = F(VIW))|[F2(g) < Ch Y IVF(VW)| 12 (m)-
EeTy,

212 D

lemma 6.5. Let Zu € V;!(T},) be the interpolant of u as in (6.3) and let ¢ =
up — Zu. For every edge e € & there are C .,Ca . > 0 such that

’ /e{a(VUh)Vuh —a(VIu)VZIu} - n.[d)] ds‘ <

p(5) - w ()

Proof. Let e = OFE;, (10Fout (or e € Ep). Applying sequentially the inequali-
ties (3.6) and Lemma 3.1 on the left hand side of (6.7), we have

[

2

h
C1 :||F(Vuy,) — F(VIU)HQLQ(EM Ugewty T o

oy (67

1
{a(Vup)Vuy, — a(VIu)VIu}‘hT

0] ds <

(/eh‘{a(Vuh)Vuh —a(VZu)VIu}‘2d5>%(/efll‘w]rds); <

14



1

2

h h /1
(S a(Vun) Vun = a(VZ0) VTl aeiny + 5 I laeonsy ) (511011220

— <
2 h -
1 1 1
Core(la(Vun)Vun = a(VIWVTule g, ) + I 32(e,.0) (7 I61320)) <
holo] 12 (by (2.8b),(2.13)>
C —a(VZIu)VTu|2 7‘ <
Lelllla(Vun) Vup—a(VZu) V. UHL?(Ei,LUEm)JFCM n L2 =
h [up] [Zu]\ |12
— 2 _— j— _—
CelIF(Vun) = F VT s, U + - [F(57) = F (5 )
23 where for simplicity, we used the notation: L?(e'") := L?(e C 0E;,). O

lemma 6.6. Let Zu € V,}(T},) be the interpolant as in (6.3) of the solution u
and ¢ = up, — Zu. For every edge e = OE™ (N OE! (or e € Ep) there are
Ch,e,Coc > 0 such that

’ /e (a([L}:]) [un] — a( [Ihu} ) [Iu]){Vuh —VZIu} -n.ds| <

=
CQ,E e

2 Proof. Following the same steps as in proof of Lemma 6.5, by applying Holder’s
25 inequality, trace inequality, consequently Young’s inequality and (2.8b),(2.13),
zs  the relation (6.8) can be shown. O

p(12]) o (B by 4 G 1B(T) — FOOZ0 s gy (65)

Theorem 6.7. Let u be the solution of (3.11) and let Tu € V,}(T}) be its
interpolant as in (6.3). Then for ¢ = up, — Zu and € > 0 there exist constants
Cie,Ca,Csc such that the form B of (3.8) satisfies

1
[B(u, ¢) = B(Zu, ¢)| < ﬁﬂu = Tullf pe + CoclldllE pet  (6.9)

2
F —F(VZIu)|*ds.
0375; eh| (Vu) (VZu)|*ds
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Proof. After a rearrangement of the terms of B(u,¢) — B(Zu, ¢), we have
B(u, ¢) — B(Iu,qﬁ)‘ < / ‘a(Vu)Vu - a(VIu)VIuHVcZ)‘ o+
Q

Z /{‘G(VU)VU - a(VIu)VIu‘}‘[(p]‘ ds+

3 /’ (V) Vu — a(VTu) VIqub‘ds—i—

ecép

3 [la(3)-a( 5 malifwolsass
> [le(t2) o —o(552)@ulo][wef st

e€fp

o <%>%—a<%%wds+

e€ly
£ o [ 52 -o(55) B -
T4+ To+T3+Ty+Ts+ T+ T

The first term 77 can be bounded by applying the Holder-Young’s inequalities
(3.6) and consequently (2.8b),(2.13), as follows

< Z /‘ (Vu)Vu — a(VIu)VIu dyc 1/2 Z / ’qu’ dx 1/2§

E€Ty,
T /’F (V) VIu Yl +Cr, /‘F V) — (vzu)‘ .
2,
The term 75 can be bounded by applying the same steps as in Lemma 6.5,

<y /h’ ’{a(Vu)Vu - a(VIu)VIu}‘h%’[gb]’ ds <

Z K/eh’{a(Vu)Vu—a(VIu)VIu}rds % /1‘[(?] )%} <

ecér
o Z/h‘F (V) — VIu)’ ds + Cy. hHF( )—F(%)Hi()

Analogously, for the term T3, we obtain that

T3 < Z / a(Vu)Vu — a(VIu)VIu

e€ép

—‘¢’ds<

3 [l wwzofaes o afe(2) e(ER)J

16



217

218

219

220

221

The term T4 can be bounded working in the same way as in Lemma 6.5,

e 5 [ ()
= (Lol 5o (B B ) /eh{!w\ws)&
Oi,e %::, </h‘F<[Z]) B F(%)‘st 301 / [ (V) F ()|
Applying the same steps for T, we get
s b X () e ()

"~ e€€p
3CLe Y. / F(Vuy) — F(VZu) ’ da.
Ep

Ep€Th

ho b s T Tt bonae by applyin o e st a5 bors
S [l (G5
L (- EDED ([l
ozaez/h\F () e [ife(B) -r(B) o
ol (152) P (5[ st

o 3 [ae("e) () o

Choosing appropriate the constants C; . above and by gathering the bounds
together, we can derive (6.9). O

Ts < dsg

‘ i

Theorem 6.8. Let Tu € Vh1 (Th) be the interpolant of the solution u. The form
B(.,.) is monotone with respect to second argument, in the sense that there is a
ko > 0 such that

B(up, un — Tu) — B(Zu,up — Tu) > kollun — Zullz pe- (6.10)

17



Proof. Denoting ¢ = up — Zu and after rearranging the terms, we obtain that
B(up, up, — Iu) — B(Zu,up, —Zu) =

Z /E (a(Vuh)Vuh — a(VIu)VIu) Vo de—

EeTy,

Z /{a(vuh)vuh — a(VIu)VZIu}[¢] ds—

eelr €

> / (a(VUh)Vuh - a(VI’LL)VIu)quS_

e€€p

ZL(a(mhh])[uh]—a([I}?])[Iu]){w}ds—

eelr

Z /e(a([Uh]D)[Uh]D—a([IZ]D)[Iu]D>V¢dS

h
e€fp
e o) B

Using (2.12a), Lemma 6.5 and Lemma 6.6, we have

B(up, un — Tu) — B(Zu,up — Tu) > Cp » / |F(Vuy) — F(VZu)|? de—
EeTy, E

Cre 3 IF () =PV Z0l s~ g 3 () —w (e, -

EeTy,

o Y p(Me2) —p (B — e 3 IR(Tun) — FOVTWl s+
€ ecép

EeTy,

7 3 WP () - B (5 e + o 2 (42 B (2

ecly

22 Gathering the bounds and choosing appropriately the constants C; . and o, for

23 example 2C . < % and o — i > %, we can find kg such that the relation

224 (610) to be true. O
25 Next, we give the estimate for the approximation error uy — u.

Theorem 6.9. Under the assumptions (2.8) and (6.2), and choosing up(0) :=

18



226

227

Tug, there exist constants ko and C > 0 such that: fort € (0,T]
Ko 9
I0l0) = 0y + 5 [ 1) = ) st < ) = Fu) g+

¢ [ 101 (utr) = Tutr) a0 d¢+0h2/0 IVE(Vu(r) |2y dr. (6.11)

Proof. We have by variational formulations (3.10) and (3.11) for ¢ > 0 that

/atuh¢dx + Blup,¢) = /ath)da: + B(u,¢), Vo € VF(Th). (6.12)
Q Q

Setting ¢ = wp — Zu and adding fo 0 Zugpdx — B(Zu,d) on both sides of
(6.12), we get

/Q 0,(®)bdz + Blun, 8) — B(Tu, ¢) /Q Oy(u — Tu)bdz + B(u, ) — B(Tu, ).
(6.13)

Now, we use (6.6) in (6.9) and then we use the derived result on the right
hand side of (6.13). Consequently, we make use of (6.10) to the left hand side
of (6.13), we eventually end up with the following relation

10
5510l Rl oo < [ aitu—Twodet
1
Cy PP VE(VU)||2()- (6.14)

Applying (3.6) on the first term of the right hand side of (6.14) and then using
discrete embeddings (6.5b) yields

10
20t

1 Ko
||¢||L2<n +rol[0ll% pe < HO\IBt(u—Iu)II%%m T

— Zulg pg + Ca,e 5,h°|[VF (V)| 2. (6.15)

Next, using (6.4) and choosing C3 . = ¢ into (6.15), we have

10

2 ko 2
2 (’)t”uh Zullz2(q) + 3”% —Zullg,pe <

1
m\\ﬁt(u = Zu)|Z2(q) + Ch?|IVE(Vu)ll2(0).  (6.16)

We integrate (6.16) from 0 to ¢:
¢
lun () = Zu®)|Z20) + Ho/o lun(r) = Zu(r)llE pe dr < luon — TuolZao)+

[ (o 01(utr) ~ Tur )y + CRIVR V)52 ). (617
0 \2Ko
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244

245

246
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249

250

251

252

253

254

255

256

257

258

Observing that uy(0) — Zug = 0 and applying the triangle inequality
[un(t) — u(®)ll« <[lun(t) = Zu(®)[l« + [[u(t) = Zu()]].,
in (6.17), we can deduce the estimate (6.11). O

Using further the estimates (6.5a) in (6.11), we prove the following corollary.

Corollary 6.10. Under the assumptions of Theorem 6.9, there is a C' :=
C(HVF(vu(t))||%2(07T;L2(Q))7 HVF(V“@))Hiz(Q)||V“t||%2(o,T;L2(Q))) such that

t
/ lu(r) — un(7) |3 pe dr < Ch2, (6.18)
0

Proof. The assertion follows by the application of the interpolation estimate
of Lemma 6.1 and the estimate (6.5a) on the terms of the right hand side of
(6.11). O

7. Numerical examples

In this section, we present numerical results to illustrate the performance of
the proposed IPDG method for solving problem (2.1) and to verify the theoreti-
cal results of the previous section. The numerical examples have been performed
for p=2.3, p=2.5, p=3, using p =1, 0 = 2.5 (see (3.8)). The Picard itera-
tive procedure was stopped until the tolerance value satisfied by tol < 1.E —07.

The domain is Q := [—2,2] x [—2,2], where I'p = 99 and the data f,up of
(2.1) are specified so that the exact solution is
u(z,y,t) = B(t)sin(z + y), (7.1)

where B(t) = 1+ exp(—100¢). The initial unstructured mesh T}, is generated
by a triangular mesh generator with hg = 1 and the next finer meshes 7}, are
obtained by subdividing the triangles to four equal triangles, h; 11 = % The
problem has been solved up to final time 7' = 0.5 using a second order, 1-stage
DIRK method, [29]. In Figure 1 left, the T}, mesh of the domain 2 is presented
and in Fig. 1 right, we plot the u; solution computed on 7}, mesh for the
p = 2.3 test case.

In the first numerical test, the CPU time of the iterative methods PEJ and
PEGS is compared. In Table 1, the CPU time for the p = 2.3 test case is given.
As it was expected, for the same value of tol, PEGS performs faster and appears
to be more efficient than the PEJ iterative method.

Next, we give examples for the convergence rate of the error,

t
en, = / lu(r) — un, (7)[3 b dr, (7.2)

where up, is the IPDG solution and u is the solution (7.1). All the numerical
tests have been performed using the PEGS method with At < (%)p. The
In(en, /en,
numerical convergence rates r are computed by the formula r = %
The results are shown in Table 2. We can observe that for all p-test cases the

error (7.2) converges with the rate that has been predicted in the Corollary 6.10.
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Figure 1: Left: The domain 2 with the T}, mesh. Right: The contours of uj computed for
the p = 2.3 test.

[ - [ PEJ [ PEGS | [ - [[p=23]p=25]p=3]
| Tn, || CPUfor p=23 | Th, rates r
1=0 21.6263 13.5540 1=10 - - -
1=1 73.4690 56.5072 1= 2.12 2.30 2.02
1=2 195.4758 | 186.6697 1=2 2.10 2.06 2.05
1=3 712.597 | 625.4143 1=3 2.04 2.02 2.02
Table 1: CPUs for the two Picard it- Table 2: Convergence rates for the
erative methods three p-test cases.

8. Conclusions

In this work, an IPDG method was presented for approximating the solution
of a quasilenar parabolic problem formulated in LP-setting. The resulting non-
linear ODE system was discretized in time by s-DIRK methods applying two
low-storage Picard iterative schemes for solving the resulting nonlinear systems.
A stability bound were shown in the broken ||.|| pg p-norm for the IPDG solu-
tion. Optimal error estimates for the IPDG method were proved in the broken
|l.ll¢, pg-norm for the case of p > 2. The theoretical results were validated by
numerical tests for several values of p > 2.
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